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I. INTROruCTION 
1.1. Object and Scope 
This dissertation is concerned with the application of the Ritz 
energy procedure and of the method of finite differences to the analysis of 
cylindrical shell roofs that are simply supported along the curved edges. 
The condition of support along the longitudinal or straight edges is con-
sidered to be arbitrary. The shell is assumed to be of uniform thicb1ess, 
and the material of the shell is assumed to be elastic. 
While both methods are well known, there appears to have been no 
critical study made of the application of these methods to the analysis of 
shell problems. Brief comments on a few known references on this topic are 
made in later sections of this dissertation. 
The principal objectives of this study were: 
(a) To provide inforwation which would facilitate the application 
of these methods in the solution of specific problems, and 
(b) With the aid of numerical solutions, to study the degree of 
accuracy that can be achieved by each of these methods when a relatively small 
number of approximating functions or mesh points is used. 
~ne studies of the Ritz procedure are described in Chapters II and 
III. In Chapter II the pertinent equations are derived by two different 
approaches, and a brief discussion is given on the selection of the approxi-
mating functions. The concept of Langrangian multipliers is used in those 
cases where the approximating functions do not satisfy the geometric boundary 
conditions of the problem. Chapter III gives the results of numerical analyses 
for four different structures. For two of these structures, solutions are 
presented for different families of approximating functions and for an 
-1-
-2-
increasing number of functions within each family, and comparisons are made 
to assess the rate of convergence of the solutions and the relative merits 
of the various approxtmating fUnctions. The families of functions considered 
include trigonometric functions and the natural modes of vibration of uniform 
prismatic beams. Special attention is given to the use of trigonometric 
functions because of their.·stmplicity. In the analysis of the remaining 
/ 
structures, only trigonamet~ic functions are used. In every case, the results 
are compared with those obtained fram the ASCE Manual on c.ylindrical shells(5) 
and it is shawn that excellent accuracy can be obtained with a relatively 
small number of trigonometric functions. 
Chapters III and IV are concerned with the application of the 
method of finite di~erences. It is first noted that the difference equations 
derived from the governing differential equations by application of the con-
ventional central difference expressions do not agree with those obtained fram 
the potential energy expression of the system when the same set of finite 
differences are used. A modified formulation is proposed which eltminates 
this inconsistency and leads to a very significant improvement in the accuracy 
of the solution. The physical significance of the modified equations is 
discussed, and it is shown th~t these equations can be derived from considera-
tions of the e~uilibrium and the force-defor.mation relationship of finite 
shell elements. The results of the numerical studies involving both the 
conventional and the mod~£ied techniques are presented in Chapter V. 
1.2. Nomenclature 
The symbols used are defined when they are first introduced in the 
text, and they are swa~arized here in alphabetical order for convenient 
reference: 
-3-
a radius of shell 
A = cross s~ctional area of edge beam 
A ,B ,C = coefficients as defined in Eqs. (2.22) 
mn mr ms 
b = width of edge beam 
d depth of edge beam 
D Et2 = extensional rigidity 
l-I-L 
E Young's modulus of elasticity 
GJ torsional rigidity of edge beam 
h size of mesh 
~ horizontal edge force on shell 
~ horizontal deflection of centroidal axis of edge beam or edge of shell 
I , I 
x Y 
K = 
= moments of inertia of edge beam section about 
vertical principal axes, respectively 
Et3 2 = flexural rigidity 
l2(I-I-L) 
the horizontal and 
ML = edge bending moment 
M,M 
x cP 
N , N 
x cp 
longitudinal and circumferential bending moments per unit of 
circumferential and longitudinal length, respectively 
= circumferential and longitudinal twisting moments per unit of 
circ~erential and longitudinal length, respectively 
= longitudinal and circ~erential normal forces per unit of 
circumferential and longitudinal length, respective~ 
N ,N = circumferential and longitudinal shearing forces per unit of 
xcP CPxcircumferential-and longitudinal length, respectively 
~ = line load on edge beam 
= a constant as defined in Eq. (2.20) 
= the mth component of Pb as defined in Eq. (2.20) 
Qcp = transverse shearing forces per unit of circumferential and 
longitudinal length, respectively 
r f 
~, Qcp = transverse effective shearing forces per unit of circumferential 
and longitudinal length, respectively; see Eqs. (2.36)-
r 
R 
R 
c 
t 2 
l2a2 
-4-
radial component of reaction at longitudinal edge of shell 
reaction at corner of shell 
s longitudinal component of reaction at longitudinal edge of shell 
t thickness of shell 
U,v,W longitudinal, circumferential and radial displacement components 
of shell, respectively; see Fig. lea) 
u ,v ,w 
ill ill ill 
functions defining distributions of u, v and w in the 
circumferential direction, respectively 
U ,'{ ,w 
ill m ill 
displacement components produced by load components X ,Y and Z 
m m ill 
Ub strain energy of edge beam 
U strain energy of shell 
s 
Un' Vr.;W displacement functions; see EClS. (2.22) s 
Vb = Ub + Db = potential energy of edge beam 
VL vertical edge force on shell 
v = U + D 
s s s 
potential energy of shell 
V modified potential energy of shell system 
~V vertical deflection of centroidal axis of beam or edge of shell 
x,y,z rectangular coordinates 
x,~ = cylindrical coordinates; see Fig. lea) 
X,Y,Z components of external loads on shell; see Fig. l(b) 
x ,Y ,z 
m m m 
x ,Y ,Z 
m m m 
functions defining distributions of X, Y and Z in the 
circumferential direction, respectively; see EClS. (2.19) 
the mth components of X, Y and Z as defined in Eqs. (2.19) 
ZI distance fram top of edge beam to a point in the beam 
10 shearing strain at the middle surface of shell 
xcp 
~ axial strairl at the cent"roidal axis of edge beam 
= longitudinal and circumferential strains at the middle surface of 
sheil, respectively 
e 
-5-
== ~ 
<P 
o 
central angle from crown to an arbitrary point on shell 
== longitudinal and circumferential curvature changes of the middle 
surface of shell, respectively 
K = twist of the middle surfa ce of shell 
xcp 
~ Poisson's ratio 
== 
p = 
== 
= 
= 
= 
x 
R. 
a 
1 
central angle subtended by a single mesh 
semi-central ~ngle subtended by shell 
2\pk == angle subtended by shell 
rotation of edge beam section about its centroidal axis, see Fig. l(c); 
or rotation of the edge of shell 
~ ::l potential energy of loads on edge beam 
D == potential energy of loads on shell 
s 
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II . METHOD OF ANALYSIS BY USE OF ENERGY PRINCIPLES 
2.1. Characteristics of Structure 
The cylindrical roof shell considered is shown in Fig. lea). It is 
of circular cross section and constant thickness, and it is simply-supported 
along the transverse or curved edges, while its longitudinal or straight edges· 
may be supported in an arbitrary manner. Fig. l(a) shows the case where the 
longitudinal edges are supported by flexible beams. 
A point on the middle surface of the shell is located by the 
cylindrical coordinates x and q:>, as shown in the figure. In this and the 
next chapter, the dimensionless coordinates S and 11 defined by the equations 
x S =-1 
n - ..sE... 
'I - cp 
o 
(2.1) 
will be used, where £ denotes the span length, and ¢ the central angle of 
o 
opening of the shell. 
The load on the shell 1s assumed to be distributed in such a manner 
that its variation along any longitudinal or any transverse section is the same. 
Mathematical~, this is equivalent to assuming that the load can be expressed 
as the product of a function of S only and a function of 11 only. It is assumed 
further that the component of the total external load in the longitudinal 
direction is zero. 
2.2. Total Energy of Shell System 
2.2.1. General. The deflected configuration of the shell is defined 
in terms of the three displacement components of its middle surface, u, v, and 
w, as shown in Fig. lea). The longitudinal component, u, is considered positive 
-6-
-7-
when directed in the direction of increasing x, the circumferential component, 
v, is positive· when directed in the direction of increasing cp, and the radial 
component, w, is positive inward. 
The quantities X, Y, and Z denote the intensities of the load 
components in the longitudinal, circumferential and radial directions, 
respectively. Their positive senses correspond to those of u, v, and w. The 
vertical load acting on an edge beam is taken as a line load and is denoted by 
Pb' positive downward. 
The problem is formulated to two different degrees of accuracy, one 
corresponding to that of FIUgge's equations and the other to Donnell' s .. * (8). Edge 
beams, if present, are analyzed by use of the ordinary theory of flexure of 
beams . 
2.2.2. Energy Expressions. In t~is article the total potential 
energy of the shell system is presented in ter.ms·of the three displacement 
components u, v, and w, and the three load components X, Y, and Z. T9f 
potential energy of edge beams is considered separately. 
Strain Energy of Shell. To a degree of accuracy which is consistent 
with that of FIUgge 1 s equations, the strain energy of the shell can be expressed 
as follows: (12) 
111 1 r U =! I N EO + (N -! M ) EO + N "f0 - M K - M I-( s 2 x x cp a cp cp cpx ~ x x cp cp a a -
- (M + M )\..( ](a<p 2) d~dl1 
xcp cpx Xo/ 0 (2.2) 
where a is the radius of the cross section as shown in Fig. l(a), and 
N ,N = longitudinal and circumferential normal forces per unit of 
x· cp 
circumferential and longitudinal length, respectively 
N = longitudinal shearing force per unit of longitudinal1ength 
cpx 
* Known more appropriately in same circles as the D.K.J. (Donnell-Karman-
Jenkins) equations. 
M ,M 
x cp 
-8-
longitudinal and circumferential bending moments per unit 
of circumferential and longitudinal length, respectively 
M M = circumferential and longitudinal twisting moments per unit 
xcp' cpx 
o 0 'V0 
EE, 
x' cp' xcp 
1..(, J hC , to{. 
X cp xcp 
of circumferential and longitudinal length, respectively 
longitudinal, circumferential and shearing strains at the 
middle surface, respectively 
longitudinal and circumferential curvature changes, and 
twist of,middle surface, respectively. 
The positive senses of the stress resultants are indicated in Fig. l(b). The 
quantities in the right-hand member of Eq. (2.2) are related to the three dis-
placement components by the equations, (8) 
Nx ~ ~ [pus + ~(~ v~ -w) + 7p2wss] 
N~ ~ ~ [;0 v~ - w + ~puS - 7(~2 w~~ + w)] 
o 
* D(l-I-L) [ 1 + rp(v~ + cp1 Ws )] N -u + pv~ xcp 2a ~ 11 
- 0 o 11 
N D{l-~l [20. u + pvs +.1... (u - PWS1])] cpx 2a <;P 11 ¢ 11 0 0 
M 
- ~ fp2wgs + ~ (..!.. + v ) + PUg] "<p w x o 11Tl 11' a - 0 
Mcp = _..!S..~ W +W 2 2 1111 a + ~p2wss] 
0 
* Nxcp represents the circumfelential shearing force per unit of circumferential 
Jength. Although not appearing in expression (2.2). it is presented here for 
completeness. 
-9-
0 
= ~ U; € X 
0 =~ [ 2:. V -w] 
€cp a <I> T} 
° 
(2.4a ... r) 
J 
in which 
a 
p = '1 ' 
t 2 1 =- , 
l2a2 
t is the thickness of t~e shell, ~ is Poisson's ratio, and E is the modulus of 
elasticity of the material of the shell. The quantities D and K are the 
extensional and flexural rigidities per unit of length of the shell, and they 
are given by the equations 
D =..!:L 2 l-~ 
Substituting Eqs. (2.3) and (2.4) into Eq. (2.2), one obtains 
(2.6) 
-10-
If the strain energy U is to be expressed to the accuracy of 
s 
Donnell's equatvions, the term - 1:. M EO in Eq. (2.2) must be deleted and the 
a cp cp 
last term rewritten as -2M ~ . Furthermore, E~s. (2.3) and (2.4) must be 
xcp xcp 
modified as follows: 
I-C 
x 
l-( 
cp 
2 
= ~ w~~ 
a 
I 
One then obtains the follovr: -~ C:V:P:::f;C,S iOE in lieu of Eq.. (2.7) 
(2.&-f) 
(2.9a-f) 
-11-
·(2.10 ) 
The double integral of the quantities within the first pair of brackets in 
this e~uation represents the strain energy contributed by the defor~a~ion of 
the middle surface of the sheil, whereas the double integral of the quanti ties 
within the second Pair of brackets represents the strain energy contributed by 
bending. 
Potential Energy of Loads on Shell Domain. The potential energy of 
~ 
the loads acting on the shell is given by the equation 
Ils = -~1~1 [xu + Yv + zw] (aWol) d~dTJ (2.11) 
Total Potential Energy of Shell. For a shell without edge beams) 
the total potential energy of the shell is the sum of E~s. (2.11) and (2.7) or 
of Eqs. (2.11) and (2.10), depending on whether a degree of accuracy consistent 
with that of Fl{igge's equations or Donnell's e~uations is desired. The first 
cambir~tion gives 
Vs = ~ ~. ~I {[ p'u~ + ( ~ov) - ..., y + 2->-,\ (~.tsj - 0) u~ + 1-: (tu ,/ f'u~r] 
+ () [("4uJ~~ + C i~t.0")}+ v.::»' + "ru~0~~ + 2.>-'--tC i:.vjj+ UJ) 0~~ 
(2.12) 
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whereas the second combination gives 
(2.13) 
It can readily be shown that the application of the Euler-Lagrange equations 
to the integrand of Eqs. (2.12) and (2.13) yields the set of three differential 
e'luations due to Flligge and Donnell, respectively. 
Strain Energy of Edge Beams. Under the assumptions embodied in the 
ordinary theory of beams) the strain energy of an edge beam may be expressed 
as 
where A 
I ,I 
x y 
GJ 
o 
Eb 
6V,6H 
(2.14) 
cross-sectional area of the beam 
moments of inertia of the beam cross section about the 
horizontal and vertical principal axes, respectively 
torsional rigidity of the beam 
= axial strain at the centroidal axis 
vertical and horizontal deflections of centroidal axis, 
positive downward and inward, respectively 
t rotation of beam cross section about the centroidal axis, 
positive clockwise when viewed in the direction of 
increasing x 
For the edge beam at 1) = 1 as shown in Fig. l(c), the last four quantities a;ce 
-13-
related to the three displacement components of the shell as follows: 
.AH 
in which ~ denotes the depth of the edge beam, ~k the semi-central angle sub-
tended by the shell, while the subscr.ipt e signifies that the quantity to 
which it is attached is evaluated at the junction of the shell and the edge 
beam, i.e., at ~= 1. 
o On replacing ~, ~ V, and ~ and V with their respective expressions 
given by Eqs. (2.15), Eq. (2.14) takes the for.m 
U b = ;.Q.' ~' { A [ ..Q (U,).o. - d S::<I>" (0"\1,1. .. - d """; <1>" (<.0\\). r 
o 
or, after completing squares and collecting ter.ms, the for.m 
U b = 2~')' {Ad..Q[ ! (U~): - s;,., 1',,('-',\ .. (0"\\).0. - c.oS<f"(U\) ... C<-V\\).] 
o 
+ [ 
-14-
G} .. + ----(U-) + E f:L \ -It 
(2.16) 
If the distribution of the load on th:.: shell system is either symmetrical or 
anti-symmetrical about the crown in the transverse direction, the deformations 
of the two edge beams are the same, and the total strain energy for the two 
beams is twice the amount given by Eq. (2.16). 
Potential Energy of Loads on Edge Beams. The potential energy of the 
line load ~ acting on the edge beam at ~ = 1 is given by the equation 
~ = ... ~1Pb lVe sin~k + we cos~kJ £d~ (2.17) 
Again, in cases where the load is symmetrical or anti-symmetrical about the 
crown, this amount can be doubled to obtain the energy for the two beams. 
Total Potential Energy of Edge Beams. The potential energy, Vb' of 
the edge beam at ~ = 1 is the sum of E~s. (2.16) and (2.17), or 
Vb ",Ex' ~' { Ad.Q[!. (u~): - 5;"'+>«' ... \).(15~~) .. '" ,,-os <\>",(U\) .. (0..0~~) .. J 
o 
-15-
(2.18) 
The total potential energy of two edge beams is twice this amount if the 
load is symmetrical or anti-symmetrical about the crown of the shell in the 
transverse direction. 
2.3. Application of Ritz Procedure 
2.3.1. General. If the load on the shell is distributed in the 
manner described in Article 2.1, each of its three components X, Y, and Z can 
be represented by a Fourier series as follows: 
00 00 
X(~,l1) = I X = I X cos nur~ m m 
m=l m=l 
co 00 
Y(~,l1) = I Ym = I Ym sin mrr; (2.l9a-c) 
m=l m=l 
::0 :xl 
Z(~,l1) 
= I z = I Z sin mTCS m m 
m=l m=l 
where X , Y , and Z are the mth components of X, Y, and Z, and X , Y J and 
m m m m m 
Z are functions of 11 only. The line load on an edge beam can likewise be 
m 
expressed in the for.m 
00 
= I sin m1C; (2020) 
m=l 
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th 
where Pb is the m component of Pb , while ~ is a constant for a particular 
m m 
value of m. 
The resulting displacement components of the middle surface of the 
shell, u, v, and w, can then be taken in the form 
co co 
U(;,Tj) I u = I u cos rmrs m m 
m=l m=l 
c.x.' co 
v(~,q) = I v = I v sin nms (2. 2la-c) m m 
m=l m=l 
co <.':: 
W(S,l1) = I w = I w sin mns m m 
m=l m=l 
where um' v
m
' and Wm are the displacement components corresponding to the load 
components X , Y , and Z , while u , v , and ware functions of 11 ol"lly, and 
m m m m m m 
correspond to the functions X , Y J and Z . 
m m m 
2.3.2. Use of Displacement Functions Satisfying Geometric Boundary 
Conditions. In the Ritz procedure, the functions U J v J and ware approxi-
ill ill m 
mated by the e~uations 
n 
u (Tj) = I A U m m.n n 
n=l 
r 
v (11) I B V (2.22a-c) m mr r 
r=l 
s 
W (Tj) = I C W m ms s 
s=l 
in which A ,B ,and C are coefficients to be evaluated, and U J V , and 
mnmr ms . nr 
Ware known functions of ~ only. !t is assumed that the latter functions are 
s 
-17-
so selected that they satisfY the geometric bounda~ conditions along the 
longitudinal edges of the shell. 
On substituting E'~LS. (2.22) into Eqs. (2.21), one obtai.ns -the 
following expressions for u , v , and w : 
m m m. 
n 
I 
n=l 
r 
A U 
mn n 
V
m
(;,l1) sin m1ts I B V (2.23a-c) mr r 
r=l 
s 
Wm (~) 11) = s in ID.3t~ I c w ms s 
s=l 
The problem now is to determine the relationship between the coefficients A , 
mn 
B , C and the corresponding load functions X , Y , Z , and the constant Pb ' mrms mmm 
m 
in case edge beams are present. 
Substituting into Eq. (2.13) the expressions of X , Y , and Z fram 
m m m 
Eqs. (2.19) and those of u , v , and w from Eqs. (2.23), one obtains the 
. m m m 
following expression for the potential energy of the shell, 
-18-
where a prime denotes one differentiation with respect to~. Completing 
squares, collecting ter.ms,' and noting that 
one obtains 
1- ~ ~ [ 2-"~" l ~ 'oUn W s dJ ] /-\~n C~, 
- ~;' [ 0A~n):X~Unc\) + 'L.:-B~~S~\~V~dJ 
(2.24) 
where nl, r', and Sl denote another set of integers having the same limiting 
values as the integers n, r, and s. 
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Similarly, on substituting into expression (2.18) the expressions 
of X , Y , Z , U , v , and w from Eqs. (2.19) and (2.23), and that of n. 
m m m m m m -b 
m 
from Eq. (2.20), one obtains the following expression for the potential energy 
of the edge beam at ~ = 1, 
- A d.x s;n c:\>~v"y)~'TT~ S"~Y"r"I"fT3 'i. LA ...... " 13 .......... U",,( I) Vr ( \) 
'"' I-
A d.....Q.. c...os ~~ YV)3T\"3. SiY)~ V"r'")-rr~ L LA ............ c ...... s Un C \ ) V\I s (I) ~ n ~ . 
-20 ... 
which, upon completing squares{'carrying out the integrations, collecting 
DP 
terms and dividing through by 4po , becomes 
- L L [ A d X ~~-n ~ s", r) <f I<. U '"' ( 1) V r ( I) ] f.::\ .......... 0 >T\ r 
., r 
(2.25) 
For a shell without edge beams, the condition that the total 
potential energy of' the shell syst.em be stationary requires that 
dV 
s 0 ~= N l, ... ,n 
dV 
s 
dB
mR 
o R = l, .•. ,r (2.26a-c) 
dV 
s 
~ o s = 1, ... ,s 
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Applicatlonof these equations to the expression for V given in Eq. (2.24) 
s 
leads to the following three sets of equations for the determination of A , 
mIl 
:Bmr' and ems 
N::: I,··') n 
~ [ (I--u~~"f ~~U~ y~ d-j - ~.v~~(")~ Un Y~ dj] A~n 
+ t [ ;: ~:V~ Y~~) + ( \ --U.) ~~""'('" ~>t- \f~ d-J 1 \3~r 
'?;J 2-U"'''(" ~:Un Ws ~ J 1 A ~n 
- ~[~.\~Y:WSd)] \3~r 
1. ~l 
- :::l.o..: Z W d."'l = 0 D ..,.., S) , 
o 
R.= i,···,r 
s = \,···,5 (2.27c) 
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If instead of E. (2.24), the expression of V obtained from 
s 
E~. (2.12) is used in E~s. (2.26), there result the three sets of equations 
/' 
presented in the Appendix, the accuracy of which corresponds to that of Flllgge's 
equations. 
For a shell with edge beams, the energy expression appearing in 
Eqs. (2.26) must be augmented by the energy of the edge beams. Thus, if the 
load on the shell is symmetrically or anti-symmetrically distributed about the 
crown in the transverse direction, Eqs. (2.26) must be replaced by the following: 
d(V
S 
+ 2Vb ) 
dB
mR 
d(V
s 
+ 2Vb ) 
de
mS 
where Vb is given by Eq. (2.25). 
o N = l, ... ,n 
= 0 R = l, ... ,r (2.28a-c) 
= 0 s = 1, ... ,s 
With V represented by E~. (2.24), these 
s 
conditions give the following three sets of equations: 
20..l.. (I 
----' X U D \ ..."., 1'"-4 o j N 
./ 0 
-23-
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\ 
Z \AI dl - ----.~ V'J (I) = 0 ~ I 40. c...usd,1o( \;)b.,., ,...,., S v D ~o s s (2.29c) o 
The terms with integral signs in these e~uations arise from minimizing V , and 
s 
they are the s<:.:.rne as those appearing in Eqs. (2.27). Note that these eCd.uations 
are completely symmetrical, as they should be. 
The application of this method to a specific problem involves the 
following steps: 
(a) Express the prescribed load components X, Y, and Z in the form 
of Eqs. (2.19), and evaluate the functions X , Y , and Z. Take as many values 
m m m 
of ill as is deemed necessa~ to attain the desired accuracy. 
(b) Choose three sets of displacement functions, U , V ; and W , 
n r s 
which satis.::y all of the geometric boundary conditions at the longitudinal 
edges. The number of functiol'lS in each set need not be the same. 
(c) Evaluate the integrals appearing in E,.J.s. (2.27) or (2.29) 
) 
depending on whether or not the shell is supported on edge beams, and set up 
the system of e.~uations for the computation of the coefficients A ,B ,and 
mn ;mr 
C in Eqs. (2.23). There will be a total of n+r+s e~uations fay each set of 
ms 
values of X J Y , and Z . 
m m m 
Cd) Solve each set of equations simultaneously for A ,B ,and 
IIL.'1. mr 
C 
ms 
(e) Compute the stress-resultants produced by each partial load 
using the following eluations, obtained by substituting E\.lS. (2.23) into 
K-ls. (2.8): 
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(2·30a-f) 
The effects of the total load are then detennined by super~sition of the 
effects of the partial loads. 
2.3.3 Use of Displacement Functions That Do Not Satis~ Geometric 
Boundary Conditions. In the preceeding article it was assumed that the dis-
placement functions, U , V , and W , satisfied all of the geometric boundary 
n r s 
conditions at the longitudinal edges of the shell. While this re~uirement can 
be met in a few cases where the geometric boundary conditions are s~ple, it 
is generally found to constitute a severe restriction on the choice of dis-
placement functions. In fact, in same practical cases, it is tmpossible to 
meet this re~uirement because the expressions for the geometric boundary 
conditions involve more than one of the three displacement components, with 
the result that the three sets of displacement functions cannot be chosen 
independently of one another. 
In such cases the Lagrange multiplier method(lO) (13) may be used. 
Physically; the method consists of modifying the expression for the total 
potential energy of the system to include the energy of the unknown boundary 
forces which are responsible for the maintenance of the unsatisfied geometric 
bo\m.4a.l7 ccmd1tl0D8o The ~ed" eD.erg exprall1GD., V, 18 tha -.de 
atat:1tmal7 1n the wrwal -=8r bY' e(WI.tiDB to Hl"f) ita ~4erivat.:1vn vith 
) . 
rupect to e&ch- of the ~ coeffl.clanw, "-, B .. ~ aDd C.JI' aDl 
the ~ ~ forca. 
, , 
As an illustration, conaider a ~l.1ndrl~l. shell .~~-'U»ported 
along the longitudinal edges so the .~, i
m
, (Ncp}m,','and (Mcp>. all·Val'dah at 
these edges. To Athf:y the first two geaaetr1e boundary conditions) the 
displacement funotions, Un and Wat mtUtt be so ohoten_~t 
u (0) = U (1) = 0 
n n 
If the functions choSen do not -tis:£)' thesecondit1ona, the energy expression 
(2.24) Bnlltt be augmeQted by the potential energies of the longitudiDal and 
rad1al c~enta of the reactiOns along the longitudinal ed8es. These two 
ecmponents will be denoted. by a .nd R J re.spect1ve~ It . The pos1t1VEt sense of 
. m lit· ' .. 
8
m 
is considered to be in the positive x ... direct1CZl, whUe that of l\n is con-
sidered to be pos1t1vein the negative z .... directiOn. If the shell is S)'m'" 
metrically loaded in the transverse d.irection" the potent1al energies of S 
In 
and l\naloDg the two longitudinal edges are, respect 1 velY » 
V"\ 
= - J( (S_)"",~ ~A"".., UnCi) 
In: I 
os 
::>. J{ ~I R~(~.) ;:;:.,~()') d) = -=>..R. S) (R~) __ s·,,, "" .... ~1 (Sin ........ .:, ~,c_s'Wsc:,)1 d.~ 
o 
5 
'=. Jt (R •. J...,CIU)\ E c""'s \Ns (\) 
5=1 
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where ( S) and (R) denote the maximum values of Sand R. The 
ill max m max m m 
modified potential energy of the system is then 
n s 
v = if 
s s £ (Sm)max I AmrPn (1) + £ (Rm)max I CmsWs (1) 
n=l s=l 
vhere V is given by Eq. (2.24). 
s 
By equating tb zero the derivatives of the last expression with 
respect to Amn~ Bmr' Cms' (Sm)max and (Rm)max' one now obtains the following 
system of n + r + 2 equations, the solution of which gives the values of these 
coefficients and unknown reactions at the edges: 
(Left side of 2.27a) 4a (8) UN"(l) 0 
-])Po ill max 
(2.27b) unchanged 
4a (Left side of 2.27c) + nm (R) WS(l) = 0 
J.Jo:!rI m max 
o 
n 
\' U (1) A = 0 l.J n ron 
n=l 
s I Ws (l) Cms = 0 
s=l 
(2.31a-e) 
The last two equations represent the two geometric boundary conditions u = 0 
and w = O. 
It should be noted that the values of Sand R obtained fram the 
m m 
solution of Eqs. (2.31) are generally different from those of (N ) and 
xcp m 
(~)m which are computed fram the deflected configuration of the shell. As a 
rule, the former are closer to the exact values than the latter. 
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2.4 Application of Principle of Virtual Work 
The equations presented in the preceeding article are rederived 
here by use of the Principle of Virtual Work, which states that, for a struc-
ture which is in equilibrium under the action of prescribed external forces, 
the total virtual work done by the external and internal forces during a small 
additional virtual displacement is equal to zero. 
Let u, v, and w denote, as before, the displacement components 
/ 
produced by the prescribed load components, X, Y, and Z, and let u*, v*, and 
w* be approximations to u, v, and w. It is first assumed that u*, v*, and w* 
satisfY the geometric boundar,y conditions at all edges. 
If the shell is now success i vely given the virtual displacement.s 
Bu*, 8v*, and 8w*, the virtual work done by the external forces during each 
of these three displacements is 
J1J1 oW = acPol [X5u*] dsdll 
e 
a 0 
oWe = a\llol J1 J1 [Y5v*) dedl) (2.32a .. c) 
o 0 
oW = a\lloi Jl Jl r Zow*'l dSdl) e 
o 0 
The reactive forces along the edges do no work because the virtual displacements 
conform to the geometric boundary conditions. 
The work done by the internal forces during a virtual displacement 
can be found indirect~ as the negative of the work done in the same displace-
ment by the load components, X*, Y'*, and Z'*, and the unbalanced edge forces, 
'* * N , N , etc., which correspond to the assumed deflected configuration u*, v*, 
x cp 
and w*. Thus, the virtual work done by the internal forces during each of the 
virtual displacements~ eu*, 8v*, and ow*, is 
-29-
~ W;., = - [ o.~Q-X '(I (' [x*~ ~J d.~d-J + ~!o~'L ~: ~ u*}~d.J + ~ )\~ ~:~~ JLd.~} l .. )0)0 0 0 
£ w ~ = - { "'-~~ ~~ \~ [1'*;; v"] d~dJ + Jt \~[ Nt ~lJ'L dS + ",I. ~:( N.;\'; \"(d~ r (2. 33a-c) 
{ 
\ I ("I * A \ \ (I r * £ "" 1,' 
;; vv c- = - "' ... .ll) SL z"" L:~ld,) d") - !.\).L M. £ '-'-'~t"t 'Y <€.f) .L"Jlt '-"") j 0 d5 
+ 0. ~. ~ ~ [ Q:' £ cV" tel J + Jt S: L Q't £ "1'1 ~ d ~ - [[ 8.: 2> c0 • II } 
The terms with the double integrals represent the virtual work done by the 
load components, X*, Y*, and Z*, while the remaining terms represent the work 
done by the edge forces. Some of the latter terms may vanish b~cause of 
satisfied boundary conditions. The notation ]1 in the above equations is 
a 
;=1 1)-1 the abbreviation of [] or [ ] ~ ,depending on whether the particular 
s=o 1"}=0 
term that contains this notation is integrated with respect to 1) or ~. 
The expressions for the load components, X*, Y*, and Z*" are 
obtained from Donnell's equations as 
(2.34a-c) 
'* * and those for the stress resultants, N , N , etc., from Eqs. (2.8) simply by 
x ~ . 
piG Strictly speaking, there 'are two more terms: - ~\~(~t~\5*):d-) =n~ -~o)~l~:t~JLd.). 
The fonnet represents the virtual work done by the unbalanced bending 
moments M at the 10ngitudinal edges, while the latter represents the virtual 
work done~by the unbalanced twisting moments ~ at the ends. These two 
ter.ms, however, are neglected in comparison with the terms containing N; and 
N~, because the same simplification is made in Donnell t s second governing 
equation fram which the expression of Y*, i.e. expression (2.34b), is to be 
obtained. 
-30'" 
:replacing u, V J and w with u*, v*, and w*. The quantities, Q*', Q*«, and R*, 
x cp 
which denote the ~ra.nsverse effective shearing forces per unit of circum ... 
ferential and longitudinal length, and the concentrated reaction at the corner 
of the shell, respectively, are given by the equations 
(2.35a-c) 
Substitution of the expressions rererred to in the preceeding 
paragraph into Eqs" (2833) yields 
- ~ ~: [C ~, u-j - ,,-," + -'AI u~) g ""I d-) 
- (\ -..u) D !;, C r ( ...L u'* + p I...T ~ ') ~ v* J' d. J 
::::2. ) 0 L '" J:o J \ ) / ,;) 
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By equating to zero the sums of Eqs. (2.32a) and (2.36a), Eqs. (2.32b) and 
(2.36b), and E~s. (2.32c) and (2.36c), one finally obtains the equations, 
_ ~-:-_~(l f( ~u* + f0*)SI.5*J'dJ = 0 
2 ') 0 L "~,, ") ) 0 
r'[ .,"* (2-..u..)e ~)S 4(- (':I.u...J"* -':'':l.W* )g'u.J-II.:}lclJ 
+ 0 l)" (~ L0)~) + ~o:z. \.i.J~")) u.) - ~ f s~ + ~o)) :, 0 
- _-:l..(l-.J.A.)~('"J. [[ w* S w~J\ Jl = 0 
~: ~) 0 0 
~onsider now the special case in which the load on the shell is of 
the form specif1ed~ Eqs. (2.19) and assume that only the effects of the 
partial loads X , Y , and Z are desired. The displacenent com.ponents, u*, 
m m m 
v*, and w* may then be expressed in the form of E~s. (2.23), and the virtual 
displacements will be given b,y the expressions 
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n 
5u* :: &l = cos m1t"S I U 8A m n mn 
n=l 
r 
8v* = 8v = sin mJ\g I Vr 8 B m nIT 
rJ::l 
s 
&w* = 8w = sin zmts I We 8 C m 1IlB 
6=1 
where the variations, M. , 8B ,and 8C ,are independent of one another. 
mIl mr ms 
By taking 
M. {; when n=N N = l, ••• ,n = n~N mn 
8B {~ when r=R R=l, ... ,r ::: r~ mr 
8C I: {~ when s=S S = 1,Ho,s InS s~S 
and by replacing in Eqs. (2.37) u*, V*. and w* 'With u , v and W , a.nd X*, y* 
m m m 
...... --
and z* with X ,Y and Z , one obtains 
m m m 
(2.3&) 
N =\ , ... , n 
t (' [(I:~) e lAm + (I-..u.) e~ U-.... + ~:l u- - ~ LUI'Y\ + a:
D
7. y ] (Sir") N"\"fT2 V p) ct$" d.J 
) 0 ) 0 ~o ~J ::2. ~)~.. "" jJ ~o "') ;)::; 
- ~J [ ( ~. U-~i - W~ + -U ~ u~») 5i<>",,":S V" J >.l . .) = 0 
R = I,:.···, r 
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S = 1,···,5 
It is noted that when the approximating displacement functions satisf.y the 
natural boundary conditions, these equations reduce to those obtained by 
Galerkin' s method. The quantity in brackets in the first term of each equation 
is the tYresidue," while the quantity in :parentheses following it is the 
"weighting :factor. II The terms in single integral account for the natural 
boundary conditions at the longitudinal edges. 
If u , v , and ware now replaced by the expressions given in 
m m m 
Eqs. (2.23), Eq~ (2.38a) becomes 
By interchanging the order of s1l!1'II!S.tion and integration and carrying out the 
integrations with respect to ~, one obtains 
Integrating by parts the second and the third term, collecting terms and 
multiplying both sides of the equation by -4, one finds that this equation 
is exactly E~. (2.27a). 
In a s :tmUar manner, it can be shown too t Egs. (2.3&) and (2. 3Bc ) 
reduce to E~s. (2.27b) and (2.27c), respective~. 
If u*, v*, and w* do not satisf,y the geometric boundar,y conditions 
along an edge, then the total virtual work equated to zero in Eqs. (2.37) 
must include the virtual work done by the edge forces which are responsible 
for the maintenance of t~~unsatisfied geometric con4itions. As an example, 
assume that the approximating functions u* and w* for a shell which is aimply-
supported along the longitudinal edges do not satisfy the boundary conditions 
u = w = O. ' In this case one must add to the left-hand side o~ Eq. (2.37a) 
the Cluant 1 ty 
and to the left-band side of Ego (2.37c) the quantit,y 
1 . 
- (J) ! f [R8w*J~ d!i 
o 0 
where S and R denote, as before, the longitudinal and radial components of 
the edge reactions, respectively Q The quantity in parentheses in these expres-
DP 
siens is needed because Eqs .. (2.37) have been divided through by ........2. By p 
:following the steps taken in arriving at Eqs. (2 .. 27) from Eqs. (2.37), one can 
easily shaw that the last two quantities lead to the two additional terms in 
Eqs. (2.3la) and (2.,lc). 
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2.5. Selection of Displacement Functions 
The selection of an appropriate family of approximating displacement 
functions is the most significant and the most difficult step in the applica-
tion of the method to a specific problem. Although, in principle, it is 
generally possible to obtain an almost exact solution by considering a large 
number of functions, from a practical point of view, the principal attraction 
of the method\lies in the possibility of obtaining a good approximation by use 
of on~ a small number of functions. Ideally, the functions used must be 
capable of leading to good accuracy for all quantities of interest with the 
minimum amount of computational effort. 
There are no simple, general rules that can be given for the 
selection of the approximating functions. One's insight into the particular 
problem at hand is probably the best possible guide. Broadly speaking, one 
should first conjecture the deflection configuration of the system under study 
based on his previous experience with stmilar or related problems, and then 
insure that the Itmited number of approximating functions used can indeed 
approximate the est~ted configuration. Consideration should also be given 
to the ability of the derivatives of the functions to approximate the 
conjectured distributions of the stress resultants, especial~ in the regions 
where they are expected to attain their maximum values. All conditions of 
symmetr.y and anti-symmetry should be recognized and utilized in the selection 
of the functions. To allow for the possibility that the actual configurations 
may differ fram the estimated ones, the number of functions used should be 
greater than that required to approximate the estimated configuration. The 
number of functions corresponding to each displacement component need not be 
the same. In fact, if the distribution of some component is either uncertain 
or is estimated to be irregular, greater freedom should be provided by using 
more fUnctions for that particular component. 
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The total number of functions used in a particular application, 
however, may not be the most :important factor that controls the amount of 
numerical work reqUired .. , This is especially t~e if one has access to a 
high-speed computer and a standard program for -the solution of a system of 
e~ taneous algebraic equations. Of much greater importance is generally 
the amount of work involved in setting up the system of algebraic equations 
that must be solved in analyzing the problem by this method. 
From the vieW'pOint of' reducing the canputational work involved for 
a given number of approximating functions, it would be desirable that the 
f'unctions satisfy same, and possibly all, of the botindary conditions of the 
problem. This is not always possible, however, since, as previously noted, 
many of the boundary cond1 tiona are express 1ble in terms of more than one of 
the three displacement components, with the result that the approximating 
functions U , V , and W must be related at the boundaries. Above all, the 
n r s 
/ approximating functions must be such that both the integral expressions in 
Eqs. (2 .. 27) and the functions themselves and their derivatives, from 'Which the 
stress resultants are to be detennined, can be evaluated easily. Functions 
with orthogonal properties are particularly useful in this regard, since by 
making several of the integral expressions in the latter equations vanish, 
they, in effect, reduce the number of terms that must be eva1uated. 
New, consider the case in which the functions U , V , and W satisfy 
n r s 
all of the boundary cooditions and, in addition, satisfY the following 
orthogonality relations 
=: J1 W'W'dll 
o s S 
= 0 
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Jl wnw dT) J 1 WnW" dT) 0 
s S s S 
0 0 (2.39) 
. Jl UnWSdT) Jlu,v dT) Jlu V'dT) = f\'w dT) = 0 n r n r . r s 
0 0 a 0 
where the two subscripts in each integral represent different integers. Under 
these conditions, the set of n+r+s simultaneous equations given in E~. (2.27) 
reduce to sets of equations, each involving a maximum of three unknowns. The 
conditions given in Eqs. (2.39) are satisfied if U , V and Ware taken as 
n r s 
sin nrr~ , cos ~~ and sin srr~, respectively. This uncoupling of Egs. (2.27) 
is possible, however, only for Simple boundary conditions. This possibility 
is illustrated in Article 3.2 b,y means of a numerical example. 
Another well known fiamily of functions with orthogonal properties 
is the natural modes of vibration of prismatic beams. The application of 
these functions to shell problems has been considered by OniaShVil.li(l6) who 
also makes reference to similar work by other Russian investigators. As far 
as it can be determined, however, these functions have been applied only to 
shells with comparatively simple boundary conditions, and no comprehensive 
numerical study appears to have been made to assess the rate of convergence 
and accuracy of the solutions obtainable with a l~ted number of such 
fUnctions. 
III. NtMERICA.L STUDIES BY USE OF RITZ PROCEDURE 
General 
( 
The method described in the preceding chapter is applied here to 
the ana~sis of four different shells. These include a single-barrel shell 
the longitudinal edges of Which a~e either s~ply-supported or free, an 
interior barrel of a multiple barrel shell, and a single-barrel shell with 
edge beams. All structures are assumed to be simply .... supported al.ong the 
curved edges. Three of the shells are the same as those analyz ed in the 
illustrative examples of . the ASCE Manual. (5) 
In each case, only the effect of the first ter.m in a Fourier series 
expansion of the loading in the longitudinal direction is considered, and 
Poisson's ratio is assumed as zero. The results obtained are compared with 
those given in the Manual. Strictly speaking, the results of the present 
study are not directly carJ.Parable with those obtained :from. the Manual, because 
of differences in the :fundamental shell equations us ed. However, these dil-
ferences are expected to be negligible for the shells considered. 
3 .. 2. Single-Barrel Shell with Simply-Supported Longitudinal Edges 
The shell cons 1dered is shown in Fig. 2 (a) .. It is made of concrete 
and is acted upon only by its own dead weight.- The longitudinal edges are 
simply-supported, i.e., u ::: 'W = N = M = O. 
cp cp 
With the unit weight of concrete taken as 150 lbS/ft3, the values 
of· the load canponents Xl' Y1 , and Zl become 
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and 
Xl == 0 
Y1 = 59·84 sin [~o(~ 
Zl = 59·84 cos [~o(~ 
It is physically apparent that u and ware symmetrical while v is 
anti-symmetrical about the crown in the transverse direction. Furthermore, 
the boundary conditions require that u, w, v , and w vanish at the longi-
11 1111 
tudinal edges. The following set of functions, which satisfY all these 
conditions, can therefore be tried. 
u = sin nrcll n = 1,3, ... n 
V = cos rrcl1 r == 1,3, ... r 
W = sin srcl1 s 1,3, ... 
s 
The first few of these functions are also sketched in Fig. 3(a). 
17 7\ 
\..) • .• )J 
If Eqs. (3-3) are substituted into Eqs. (2.27a), all of the terms 
with n, r, or s different from N vanish, and one obtains the equation 
(3. 4a) 
where N = 1, 3, .••. Similarly, fram Eqs. (2.27b) and (2.27c) one obtains 
and 
where R 1, 3, ... , and S = 1, 3, .... 
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For the partial loading considered, the value of m = 1. Carrying 
out the integrations and noting that 
<Po = Boo = 1.396 rad. 
a 2!. 
p' = 7 = be = 0·5 
one obtains from Eqs. (3.4), 
where, for convenience, the symbols N, R, and S have been replaced by n, rand 
.~ J respectively. The solutions of these equations for n = r = s = 1, 3, 5, 7, 9 
are listed in Table 1. It is observed that the conve~gence is steady for all 
three coefficients. 
The stress resultants may now be determined. fi"om the following 
equations obtained from Eqs. (2.30) by setting m = 1 and ~ = 0: 
( N \ = - ITE~ ~ I''::-'n U .... Sil'"')-rrf" 
x)1 (\ L -, '/ .:> 
..A.. n 
(Nc\»l = E~ [~L G,r v; - LC,sWsJ Siv;-nz 
0... ~o r s J 
(Nx~) 1 = (N~.)l = ~ [ I. ~f-\'n u~ + "TTl" Z; B,~ v,. ] c.cs'"S (3.5a-f) 
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The resulting expressions for the four most significant stress resultants are 
( 55'16 sin 101 + 1386 sin 31(TI + 49 sin 5:n:11 + 5 sin 71(11 
+ sin 9rr11 + ... ) sin 1(S 
(2243 sin 1(11 + 62 sin 31(11 - 2 sin 5:n:T1 - sin 71(11 -
- sin'9rrTl + .•• ) sin :n:S 
(N ) 1 = - (3851 cos reT) + 323 cos 31(11 + 7 cos 5Jr11 + cos 711:11 + e •• ) cos:n: ~ 
xcp 
\33 sin fCT1 + 340 sin 31(11 + 86 sin 5fC11 + 32 sin 7:n:T} 
+ 15 sin 9:n:11 + •.• ) sin 11:S 
It is quite clear that these expressions, particularly the first three, 
converge rapidly. The values of these stress resultants are also listed in 
Table 3 for several points along the transverse sections where they attain 
their maximum values. 'l'he results are tabulated as a :f"unction of the total 
number of displacement functions used, and they are also compared with the 
corresponding values obtained by use of the tabulated data in the ASeE Manual. 
For the purpose of exper~enting with another set of displacement 
functions and of illustrating the use of functions which do not satis~ the. 
geometric bounda,:r.v conditions, the shell considered above was also analyzed 
using the following set of sine and cosine functions: 
U ::: 1 U1 == sin1!11 U2 cos21(Tj U3 = sin}rrT1 U4 = cos4n'll 0 
V = 21)-1 VI ::: COS1tT) V2 = sin21!TI V3 ::: COS3l!11 V4 :=: sin4.n:ll (3.10) 0 
w ::: 1 WI = sin1!11 W2 == cos2l!11 W3 = sin3:rc11 W4 = cos4rcT} 0 
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These functions are sketched in Fig. 3(b). Note that they satisty neither 
the geometric nor the natural boundary conditions along the longitudinal 
edges. 
The equations for the deter.mination of the undetermined coefficients, 
A ,B ,and C ,and of the two unknown edge reactions for this problem were 
mn mr ms 
derived in article 2.3.3'and summarized in Eqs. (2.31). Three solutions were 
obtained using, respectively, the first three, the first four, and the first 
five of each of the U-, V- and W-functions given in EQs. (3.10). The resulting 
three sets of values of Aln, Blr and CIs are given in Tab~e 2, whereas those 
of the .edge reactions, 81 and Rl , are given in Table 4 together with the 
values of the four most significant stress resultants. The results based on 
the ASCE Manual are also included in the 1B. tter table for the purpose of 
comparison. 
On comparing the values listed in Table 4 with those in Table 3, it 
is seen that this second set of sine and cosine functions yield-results which 
are almost as good as those obtained by use of the first set of sine functions, 
when more than four of each of the U-, V- and W-functions given in Eqs. (3.10) 
are used. The non-zero value of (Mq»l obtained at the edge, which is due to 
the fact that the functions used do not satisfy the natural boundarJ condition 
w = 0, is unimportant because the moment is known to be zero there. 
1111 
When only the first three of each of the U-, V- and W-functions 
given in E<ls. (3 .. 10) are used, the value of (N: -'I =-3006 Ibs/ft obtained at 
xq> -
the edge is seen to differ appreciably from the exact value of -4211 lbs/ ft. 
This discrepancy is again unimportant because the quantity 81 , obtained as a 
by-product in this method, constitutes a ver,y good approximation to the exact 
value and it should be used instead of the correspondi~ value of (Nx.cp)l 
ccmputed from Eq. (3. 5c). In this particular solution, 81 assumes the 
value -4134 1bs/tt. 
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3.3. Single-Barrel Shell with Free Longitudinal Edges 
The shell considered in this article is the same as that analyzed 
in the preceding article, except that its longitudinal edges are free and it 
is subjected to a snow load of 25 Ibs/ft2 in addition to its dead weight. 
The values of Xl' Yl , and Zl in this case are 
Xl = 0 
Y1 = ~ {3i l5 x 150 sin [~o(~ - ~)J + 25 sin [~o(~ - ~)J cos [~o(~ - ~)J} 
= 59·84 sin [~o(~ - ~)J + 15·92 sin [~o(2~ - l)J (3.lla-c) 
Zl = 59·84 cos [~o(~ - ~)J + 31.83 cos2 [~o(~ - ~)J 
Three different sets of displacement functions were used. The first set, 
defined by the equations 
u -= 1 U = sin mtll, n = 1,.3, .... 0 n 
V = 211-1 V = cos rTCl1, r = 1,3,···· (3.12) 0 r 
W =-1 W = sin S7tl1, s == 1,3,···· 0 s 
is the same as that given in Eqs. (3.3) except for the additional terms U , 
o 
v , and W. The second set of functions used is the same as that given in 
o 0 
Eqs. (3.10), and the third set is defined by the equations 
u = 1 Ul == Cf>l U3 = Cf>3 U5 = Cj)5 0 
V ::; 2T}-1 V2 = cp V4 = CP4 (3.13) 0 2 
W = 1 WI =cp W3 = <'P3 W = <'P 0 1 5 5 
where cp denotes the mode corresponding to the nth non-zero natural frequency 
. n 
of vibration of a prismatic free-rree beam. For each of the first two sets 
of functions, a total of four different solutions were obtained considering 
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fram two to five functions for each of the three displacement components. 
Thus, the total number of functions used ranged frOOli;6 to 15. For" the set of 
functions given in Eqs. (3 ... 13) orLl¥ three solutions were obtained using the 
first six, the first nine, and all eleven of the fUnctions, respectively' .. 
The coefficients Aln, Blr, and CIs for each combination of the 
functions considered were determined by applicat"ion of Eqs. (2.27). The 
results are summarized in Tables 5, 7, and 9, and the values of the corre-
sponding stress resultants are given in Tables 6, 8, and 10, together with 
the reSUlts obtained from the ASCE Marrua1. For the set of functions given 
in Eqs. (3.13), the integral expressions in Eqs. (2.27) involving products 
of displacement functions were evaluated by use of the for.mula and the 
numerical data presented in Re~. (7) and (~9),whereas the expressions 
involving product~ of a displacement function and a load function had to be 
determined by direct integration. The values of <:PI through CP5 and of their 
.de;rivatives, which are needed 1n the computation of the stress resultants were 
obtained from Ref. (19). 
In Fig. 4 the values of the stress resultants computed for each of 
the three sets of functions are plotted against the total number of functions 
used.. Results are presented only" for a few sel.ected points, and are ccmpared 
with th~"eol"responding values based on the ASCE Manual. The distributions of 
these stress resultants across the sections where the,y attain their maxfmum 
values are shown in Fig. 5 ~ The solutions corresponding to the two sets of 
trigonometric functions were obtained with a total of twelve functions each, 
while the solution based on the natural modes was obtained by use of the eleven 
functions given in Eqa. (3.13). 
It can be seen from Fig. 4 that the results obtained for the two 
sets of trigonQlletric functions converge steadily, and that the rate of 
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convergence of the results based on the combination of sine and cosine 
functions is especialJ¥ rapid. The solution obtained with a total of twelve 
functions in the latter set is for all practical purposes exact. B.Y campari-
son, the solutions based on the natural modes are rather poor, the discrepancy 
being particularly pronounced in the values of Ncp and Nxcp which can be seen 
to oscillate about the exact values. 
With regard to the amount of numerical work required for the above 
solutions, it must be pointed out that the solutions based on the natural 
modes involved much greater effort than those based on the trigonometric 
functions. The difference arises from the fact that both the integral expres-
sions in Egs. (2.27) and the expressions for the stress resultants are much 
more difficult to evaluate for the natural modes than for the trigonometric 
functions .. 
3.4. Interior Barrel of Multiple-Barrel Shell 
The dimensions and loading of this interior shell are identical to 
those of the shel1 analyzed in the preceding article, and the boundar.y con-
ditions along the lon~itudinal edges are as follows: 
horizontal displacement, 6H = 0, 
rotation, ~ = 0 
vertical edge force, VL = 0, and 
longitudinal shearing force, N = O. 
xcp 
The solution was obtained by using the following set of functions: 
u = 1 U1 = sin 1(11 U2 = sin 2fCT} U3 = sin 31(T} 0 
V ::: 21) .... 1 V1 = cos TCTl V2 = sin 2'S!1l V3 = cos 37(11 (3.14) 0 
w = 1 WI = sin ltTj W2 = cos 21tT} W3 sin 31CT} W4 = cos 411:T} W5 = sin 51(T} 0 
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Except for the presence of the functions W4 and W5' this set of functions is 
the same as that used to obtain the solution represented by the long dashed 
lines in Fig. 5. The two additional functions have been included because the 
curve representing the distribution of M in the circumferential direction is 
cp 
expected to vary sharply at the edges.. It shoul.d be noted 'that this set of 
functions satisfies none of the bo~ry conditions at the longitudinal 
edges. 
The 1~odified" potent1a1 energy of the shell system is determined 
fran Eq .. (2.25) by adding to the energy expression given the potential energies 
of the horizontal forces and of the bending moments at the longitudinal edges. 
Let HL(s) and ML(~)-denGte, respectively, the intensities of these forces 
corre.sponding to the mth partial loading defined in Eqs. (2 .. 19).. The potential 
'energies of HL(~) a.nd 1\(f) are then given, respectivel;y, oy the expressions 
.\ . 
2J1. ( H~( S) [iJ ..... (S. I) <..os<f", - vJ..;{~.I) 5;...,i" 1 d.) 
= => Jl. S'( CHc)..,~. s .......... "'31( 5; ... ",.".~ '[ 13"". V. (I) c:os+~ 
o ~ 
= (H1..) ..... O'" j( [ Z \3"",""Vr C I) c-os~~ - Z C""'s Ws (I) Sir") 4>1-< ] 
r S 
and ::>'JI.~~NlL(S)[';'" V-~C~.I) + ;~. :;~ (~.I) J 
= ::>. J1. ~I.l (Nl.)"""", 50'", ""'" ~)[ ~ s," w,'fT) ~ B..,r V. (I) 
Where (l1.,)max and (~)xoax represent the maximum values of BL and ~. 
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Min~ization of the resulting modified potential energy expression leads to 
the following system of algebraic eCluations in terms of the undetermined 
coefficients A ,B ,and C ,and the amplitudes of the edge reactions 
run mr ms 
(~)max and(~)max 
Eq. (2.27a) unchanged 
\I I L B V (1) cosCPk - C W (1) sinCPk = 0 mr r mss 
r s 
I B V (l) 1 I c w' (1) 0 +-mr r 4>0 ross 
r s 
For the displacement functions given in Eqs. (3.14), Eqs. (3.15) 
constitute a system of sixteen algebraic equations. The values of Aln, B mr 
and CIs obtained from the solution of these equations are listed in Table 11, 
and the values of (IL) and (M...) are given in Table 12, together with 
-iJ max -""L max 
the values of the stress resultants at a few selected points and the corre-
spending values determined from the ASeE Manual. The stres s resultants 
presented ~n the latter table are also depicted graphically in Fig. 6. 
It is seen fram Fig. 6 that, with the exception of the values of 
(N~)l and (N~)l for points close to the longitudinal edge, the results 
obtained by application of the energy procedure are in excellent agreement 
with those det~nnined in the ASCE Manual. As noted on a previous occasion, 
the discrepancies in the values of (N )1 are untmportant, since the value 
. xcP 
of (Nxcp)l is kn~ to be zero at the edge. 
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Concerning the discrepancies in the values of the circumferential 
normal force (Np)l' it must be emphasized that the value of this force at the 
edge must be determined from the horizontal edge reaction (~l instead of by 
application of Eq. (3. 5b). When determined fromGlIh the edge value of (Nq:»l 
a t midspan is 
while the value obtained from the ASeE Manual is 743 lbs/n. With the value 
of N at the edge now accurately known, the distribution of (N )1 near the q:> q:> 
edge may be modified to yield a smooth transition curve, such as the one 
shown by the dotted ~ine in Fig. 6(b). 
3.5 Single-Barrel Shell with Edge Beams 
The shell considered is the same as the one analyzed in the ASCE 
:Manual as Illustrative Example 3.. Its dimensions are shown in Fig. 2(b), 
from which it folloW's that 
and 
cp ::: 60° = 1.0472 red .. 
o 
p = ~ = 0.60054 1. 
t 2 -6 7 ::: ~ = 8.335 x 10 
12a 
A _12. ~2 
. - 3 .Lv 
The resistance of the beam in the horizontal, plane and against twisting are 
assumed to be negligible, i. e .. , Iy = J = O. It! follows then toot Mq:> = Il:L = 0 
at the junctions of the shell and the edge beams. 
The load on the shell consists of its own dead weight and a snow 
load of 25 IbS/ft2 . Therefore, the load functions Xl' YI and Zl are 
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Xl = 0 
Y1 = ~ {~ x 150 Si{ ~0(T} - ~)J + 25 sin [~0(1] - ~)J cos [4>0(1] - ~)J} 
= 63.662 sin [4>0(1] - ~)J + 15.916 sin [4>0(21] - l)J (3.16a-c) 
Zl = 63.662 cos [4>0(1] - ~)J + 31.831 cos2 [4>0(1]' - ~)J 
...... 
and the constant ~ , which corresponds to the first partial load Pb on the 1 1 
edge beams as defined in Eq. (2.20), has the value 
The solution was obtained using all of the U- and V-functions given 
in Eqso (3.14) and only the first four W-functions. The values of the 
undetermined coefficients, obtained by application of Eqs. (2.29), are given 
in Table 13, and the values of the corresponding stress resultants are listed 
in Table 14 together with those obtained in the Manual. These stress 
resultants are also presented graphically in Fig .. 7.. It can be seen that the 
agreement between the two sets of solutions is excellent. 
With the displacements components evaluated, the axial stress cr in 
x 
the beam may be determined from the equa.tion 
'Where ~) denotes the value of U
m 
at the junction of the shell and the beam, 
m e 
tJ.V denotes the vertical deflection of the beam, and z' denotes the distance 
f'ram. the top of the beam to the point under consideration. Now, since 
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and 
Eq. (3.17) becomes 
<Jx = - ~;n 5;~ ~"") ['i;. A... 0 U~ (,) - };-n- (s,~~" t,\3~.V.(I) + Cos *K t, C~, W,(,)) ] 
(3.18) 
In the present case where m=l, the maximum value of ax occurs at ~ = ~ and 
z' = d, that is, at the bottom of the beam at midspan. Using the values of 
the coefficients listed in Table 13, one finds that (a) = 1432 Ib/in2 . 
x max 
The corresponding value obtained in the Manual is 1408 lb/ in. 2. 
;.6. General Conclusion 
The numerical examples presented show clearly that good accuracy can 
be· obtained with the combination of sine and cosine functions given in 
Eqp. (3.10), even though this family of functions may not satisf,y any of the 
boundary conditions of the problem.. While additional studies are needed 
conclusively to establish the degree of accura~ obtainable with this set of 
functions for shells of different dimensions and conditions of support, on the 
basis of the data presented, it is estimated that solutions based on each of 
the first four U-, v- and W-fUnctions given in Eqs .. (5.,lO)/will probably be 
sufficiently accurate for design purposes. It is assumed, however, that there 
are no localized loads acting on the shell. 
The results presented suggest further that, in terms of both the 
accurac.y of the resulting s~lution and convenience in computation, the set 
of sine and cosine functions is sign1f'ica.nt~ superior to "the set of functions 
representing the natural modes of' vibration of beams .. 
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In a study reported by Gerard, (9) the Ritz procedure was applied 
to the analysis of cylindrical shells of the type considered in the present 
investigation using polynomial functions to approximate the distribution of 
the displacements in the transverse direction. The resulting solutions were 
found to differ significantly fram the exact solutions. In spite of these 
results, it is fel.t that polynam.ial functions, especially the ones presented 
by Duncan, (4) may prove quite valuable in many applications and are worthy 
of fUrther cons idera t ion. 
IV . ANALYSIS BY METHOD OF FINITE DIFFERENCES 
4.1 General 
In analyzing a shell problem by finite differences, the derivatives 
of the functions appearing in the governing differential equations of the 
shell are approximated by the values of the functions at certain' nodal or mesh 
points, and the resulting equations are satisfied OD~Y at these mesh points 
instead of at evel~ point of the shell surface. This approach leads to a 
system of simultaneous algebraic equations which may be solved by arry one of 
a number of available techniques. 
In the following development we shall use Donnell's equations, 
expressed in ter.ms of the three displacement componentsu, v, and w, as was 
described in the preceding articles. For convenience, the mesh points will be 
taken at the intersections of a s~uare mesh of size h which is considered to 
coincide with the middle surface of the shell. The mesh lines are considered 
to run parallel to the x and y coordinates, the longitudinal and circumferential 
directions of the shell, respectively. 
In the conventional method of finite differences, the partial 
derivatives of a function at an interior mesh point are approximated by the 
following central differences. 
rf I'" ! I -r r~ (x r t 1 i-+=--:& .-f"-4 I I I I I 
.f.,., 2~1~- ~21 t· J~ il- I '"V of" -t ...... f"'l!<)< ~ I of {'II(,""""~ t ~ of -xx 2 -e,.3 ~4 I 
It'J 
i 
I ! 
~ ~4 Lf -+-! i I 
-tl i-
t 
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-+O~ - ~~ [ fl +-4 t \ 'iT J f 
.f~d-d- ~ 2~~[ r- I r~ + ,-2. f I 'iT] -f (4.1) 
+o-d-~'} ~ ~4 [ , I t4 ,fG. f-4 f 2-J f 
'I( 
-I I 
d 
I -I 
)( 
~~ r I -:1 I -4 4- ·2 a-
l I -2. I 
In these expres&ions, the function f may be interpreted as any one of the 
displacement components u, v, or w, 'While the supscr~pts x and y denote partial. 
differentiation with respect to x and Y J respectively. Solid circle~ in the 
right-hand 'expressions denote mesh points, while the hollow circle at the center 
of each :pattern ~rks the mesh point where the derivative is t.aken", For mesh 
points on or near the shell boundaries special relations are used which 
incorporate the prescribed boundary conditions. 
Once the values of the displacement components at the mesh points 
have been determined, the corresponding stress resultants can be evaluated 
from the appropriate stress resultant-displacement relations by approximating 
derivatives ~y the central differences given in Eqs. (4.1). 
An alternative method (2) (3)(6)(11) of deriving the governing 
difference equations is provided b.r the prinCiple of mintmum potential energy. 
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In this approach the partial derivatives in the expression for the total 
potential energy of the shell, V, are approximated by finite differences} due 
* regard being given to boundary conditions, and the resulting expression, V , 
which is quadratic in the unknown displacement canponents at the node points, 
is then minimized by equa,t1ng to zero its derivatives with respect to each 
unknown displacement. This process is analogous to obtaining the three 
governing differential equations by min~izing V with respect to the three 
displacement functions u, v, and w. The matrix of the coefficients of the 
system of algebraic equations obtained by this a.pproach is always symmetrical. 
However, if the partial derivatives involved in the two for.mulations 
are approximated by the usual set of central differences as exemplified in 
Eqs. (4.1), one finds that the resulting difference equations are not the ~. 
To illustrate this, consider a laterally loaded flat plate for which the 
governing differential equation is 
w +2w +w 
xxxx xxyy yyyy 
Z 
1:: -K 
In this expression w denotes the deflection of the plate, K the flexural 
rigidity per unit width of the plate, and Z the intensity of the lateral load .. 
If the partial derivatives on the left s~e of this equation are 
/ 
approx~ted by their corresponding central differences given in Eqs. (4.1)1 
one obtains the following well known difference equation for an interior mesh 
point: 
I 
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(4.2) 
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In the energy approach, one starts from the following expression 
ror the total potential energy of the plate: 
(4·3) 
If the quantit,y w at an interior mesh point A is approximated b.y the central 
xx 
difference 
x 
and if the value Qf this central difference is interpreted as the average 
va~ue of w for the plate element of size h by h centered at the mesh point A 
xx 
as shown in the above expression, then the value of' the integral J J W~dxdy 
for this plate element can be approximated as 
Employing similar approximations for the remaining terms in Eq. (4.3), one 
obtains 
LJ...) + '2 
+ 
_ i.. 
4 
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Without the summation signs, this expression represents the potential energy 
of the shell element shown shaded. The summation signs signifY that the 
potential en~rgies of all the shell elements into which the shell is sub-
* divided are to be summed up to give V. Some of the difference patterns 
appearing in Eg. (4.4) may need modifica-tions at the boundaries to incorporate 
the boundar,y conditions, but this is of no concern here because this equation 
will only be min~ized with 'respect to wA to obtain the governing difference 
/equation for the interior mesh point A. 
The process of differentiation is illustrated by considering the 
first term on the right-hand side of Eq. (4.4). In thi~ case only the 
elementvhich is centered at mesh point A and the t~o adjoining elements in 
the x-direction must be considered, since the remaining elements are independent 
The contribution of these three elements is 
"-
and the derivative of this expression with respect to wA is 
)( 
or 
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If the complete expression given in Eq. (4.4) is differentiated with respect 
to 'WA in the marmer described above and the result equated to zero, the 
following difference equation is obtained: 
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It is seen that this equation does not agree with Eq. (4.2) because of the 
expanded pattern of the last term on the left side of the equation ... ' This 
fact suggests an inconsistency in the use of the central difference 
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expressions given in Eqs. (4.1). Similar inconsistencies were found in 
dealing with the shell equations. 
It was the purpose of this work to investigate the source of these 
inconsistencies and to deter.mine the modifications which would make the two 
approaches yield the same set of finite difference equations. This study was 
prompted by the observation that the conventional method of finite differences 
when applied to shell problems sometimes leads to gross errors. Such errors 
have been reported in Ref. (14) in connection with a study of the natural 
frequencies of cylindrical shells and were also found in the course of the 
present study. In this investigation, special attention was placed on under-
standing the physical significance of the various steps taken, with a view of 
establishing a technique which can be applied to arbitrary boundar,y conditions 
without the ambiguities that are usually present in the application of the 
conventional method of finite differences. 
4.2. Modified Finite Difference Technique 
4.2.1 For.mal Derivation of Modified Equations. If the derivations 
of Eqs. (4.2) and (4.5) are carefully retraced and compared, it will be found 
that the disagreement between these two equations arises fram the fact that 
the difference expression of w used is not consistent with that of v ,w , 
xy xx yy 
or v The pattern of w im.plies that j;l the derivation of this difference 
'X:XYY xy / ' 
-·,'1 if 
expression, the first central difference of w has bf7en taken as 
but the pattern of w
xx
' for exampxe, implies the use of the expression 
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as the first central difference. Had the latter difference expression of w 
x 
been used in the derivation of the difference expression for w, one would 
XS 
have obtained the pattern 
'" 
. -I I 
7'2 
}a 
I 1-1 
~~ 1)/2 
and Eq. (4.5) would have agreed exactly with Eq. (4.2). 
In general, the odd central differences given in Eq. (4.l) are not 
consistent with the even central differences. The odd differences are actually 
"'.averaged differences" (17) obtained by taking the average value of the corre-
sponding differences midway b~tween mesh points. 
The following is a consistent set of central differences: 
f [ f I 
-+x "" -' r -f .J; .... .". == -'-
-2 
.f,. ... ,. ~ I of .f t"-.J I ~ +" .f' 
"h. ') - ~J. ') t:3 , ", ... ,..,.,= ~ 3 
-4-
-I 
fo- ~ \ [ , ~l f: 1 +" ~ '& 
+~d- ,..... ~, [ ~ I f~ t I ] +" 'a-
r-~ (4.6) fd-d-d- ~ ~3l I -I ~ , ;J + 
-r '0 d ~ d-- .-.J ~4 [ 11 f-4 F ,-4- ~I cr] + 
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where, as before, the function f can be interpreted as a~ one of the displace-
ment components u, v) or w. In each case, the solid circles are spaced at a 
uniform distance h and they are centered about the hollow circle designating 
the location where the derivative is evaluated. 
If the set of central differences given in Eq~ (4.6) is used to 
approximate the derivatives appearing in Donnell's equations, 
2u + (l-~)u + (l~)v - ~ w == 
xx yy xyax 
2 
--X D 
(l+~)u + 2v + (l-~}v - g w 
x:y yy xx a y 
2 
== - -- y D 
~u 
a x 
2 + ..... v 
a y 
t 2 2 2 b (wxxxx + 2w + w ) - - w == - - Z xxyy YYYY a 2 D 
where D is defined by Eq. (2.5), one obtains the following difference 
* equations 
u. +c\+-U.)[t+tjlJ - 2~~[f Ju..) ~ t-
(4.7a-c) 
(4.8a) 
* Corresponding equations obtained by use of Eqs. (4.1) are presented in 
Appendix B. 
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(4.8c) 
It is observed that these three equations automatically specif,y the sets of 
points where u, v, and w should be defined. With the w-disp1acements d~fined 
at the mesh points, it is seen that the u-displacements are defined at points 
midway between mesh points on the lines running in the x-direction, and the 
v-displacements are defined midway between mesh points on the lines running 
in the y-direct10n. It is also seen that the points of definition of the 
U-, v- and w-displacements coincide, respectively, with the points where X, 
Y, and Z, the three components of the external load, are to be defined, and 
where the first, the second, and the third of the above three equations are 
to be applied. 
Once the values of u, v, and w at these three sets of points have 
been determined, the stress-resultants can be evaluated f'rom the following 
* difference equations which are consistent with the differential expressions 
used in the derivation of Donnell's equations: 
* The corresponding equations obtained by use of Eqs. (4.1) are presented in 
Appendix B. 
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The s,ymbols D and K in these expressions are defined by Eqs. (2.5) and (2.6), 
respectively. 
It can be seen that Eqs. (4.9) automatically set the points of 
definition of the stress resultants. The normal forces N ,N and the bending 
x cp 
moments M and M are defined at the mesh points (i.e. the points of_definition 
x cp . 
of the w-displacements), the shearing force N and the twisting moment M 
xcp XCI) 
at the center of the meshes, and the transverse shears ~ and Qq> at the points 
of definition of the u-displacements and the v-displacements, respectively, 
as shown in Fig. 8 ~ .. 
4.2.2. pnysical Interpretation of Equations. Since Eqs. (4.7a), 
(4.7b), and (4.7c) represent the equations of equilibrium of an infinites~l 
shell element in the x, y, and z directions, respectively, it is reasonable 
, 
to expe'ct Eqs. (4.&,), (4 .. 8b) and (4.8c) to represent the corresponding 
equations of equilibrium of a finite shell element. In this modified finite 
difference technique, Eqs. (4.8) are precisely such equations but,refer to 
three different shell elements. The elements which must be considered in the 
formulation of the equilibrium equations in the x, y, and z directions are the 
three elements labeled tlAn , liB", and nett, respectively, in Fig. 9(a). Element A 
-64-
is centered about a point of definition of the u-displacement, element B is 
centered about a v-point, and element C about a w-point. 
If it is assumed that the value of each ,of the three load components 
and of the eight stress resultants at its respective point of definition 
represents the average value of the load acting on, or of the stress resultant 
existing in, the shell element of size h by h which is centered about that 
point, then the average intensities of the forces acting on the three elements 
\.. 
are as shown in parts (b), (c), and (d) of Fig. 9. For greater clarity 
only the forces which affect the e~uilibrium of the elements in the appro-
priate directions have been indicated. From the equilibrium in the x-direction 
of element A given in Fig. 9(b), one obtains the equation 
(4.10) 
which is entirely analogous to the differential expression 
(4.11) 
applicable to an infinitesimal shell element. In particular, it may be noted 
that in the derivation of the latter equation, one considers N and !if to 
x xcp 
represent the average intensities of the stress resultants, and X to be the 
average value of the longitudinal component of the force acting on the 
infinitestmal element dxdy. In other wordS, the steps involved in the 
derivation of Eqs. (4.10) and (4.11) are in all respects parallel. 
By considering the e~uilibrium in the y and z directions, respectively, 
of elements Band C shown· in Figs. 9( c) and 9(d), one 'obtains 
(4.12) 
for the first element, and 
( Q..J 1 1 h - (Q..) 1 I")h + (G.), 2:h - ( Q. ) 1 I h + 2 r (N ), 5 2h h l = 
A ..L..L X .J..t::. "Cp ..L."I -cp .J..4 L cp..L a J (4.13) 
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for the second. The Q and Q forces in the latter equation can be expressed 
x ~ 
in terms of the bending and twisting moments by considering the equilibrium 
of moments about the y-axis and the x-axis of the shell elements shown in 
parts (b) and (c), respectively, of Fig. 9. These equations are again 
analogous to those obtained for an infinitesimal element. 
B.y a stmilar reasoning, it can be shown that each of the finite 
difference expressions given in Eqs. (4.9) can 'be derived by considering the 
force-deformation relation of a square element which is centered at the paint 
of definition of the particular force under consideration. For example, the 
expressions for N
x
' N~, M
x
' and M~ can be obtained by considering element A, 
whereas the expressions for Nand M are obtained b,y considering element D 
~ ~ . 
which is shown in Fig. 9(e). On substituting these force-displacement 
relations into E~s. (4.10), (4.12) and (4.13), one obtains the three difference 
equations presented in Eqs. (4.8). 
The physical interpretation presented above, which in many respects 
follows fram Nielsen's work on the application of finite differences to p~te 
problems, (15) is pa~icularly useful for deriving the specialized difference 
equations required for po~nts near to or on the boundaries of the shell. 
It may be worth noting here that, on the basis o~ the information 
presented, it is now a simple matter to devise a discrete physical model which 
approxtrnates the original,.continuOUB shell to the degree of accuracy repre-
sented by the modified finite difference for.mulation. Such a model is given 
in Fig. 10. It consists of an assembly of weightless, rigid bars which are 
interconnected by flexible joints, torsion springs, and shear springs, as 
shown in the figure. The joints at the intersections of the bars are considered 
to be rigid in shear. The w-displacements are defined at the joints, the u- and 
v-displacement~ are defined at the centers of the longitudinal and circumferential 
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bars, respectively, and the load components X, Y"and Z are considered to be 
concentrated at the points of definition of the corresponding displacement 
components. This model is a variation of the one presented in Ref. (1). The 
derivation of the governing equations is illustrated in this reference. A 
somewhat different model has been proposed in Ref. (18). However, it is felt 
that such models do not offer any advantage over the physical interpretation 
of the modified finite difference for.mulation that has been presented. In 
fact, these models are a step further removed from the original shell which 
they are intended to approximate than is the modified for.mulation. 
4.2.3. Derivation of Equations from Principle of Minimum Potential 
Energy. To the accuracy of Donnell1s equations, the potential energy of a 
cylindrical shell without edge beams is given by the equation, 
v = l. Jf [N € 0 + N € 0 + N i 0 - M K - M \-C - 2M K ] dxdy 5 2 xx <pcp xcpxcp x x cp cp xcp xcp 
. A 
(4.14) 
* The finite difference approximation of this expression, Vs' is now 
obtained by expressing the stress resultants by means of Eqs. (4.9) and the 
remaining quantities by the following equations, the accuracy of which is 
consistent with that of Eqs. (4.8) and (4.9): 
r 
_I I 
tv; 
I 
L. 
(4.15a-f) 
It is seen from the patterns of these ~xpress1ons that each of these six 
quantities is defined at the same set of points where its corresponding 
o 0 
stress-resultant is defined. For example, € and € are defined at the mesh 
x cp 
points which are the points of definition of Nand N . 
x cp 
It is now assumed, as in the case of the stress-resultants, that 
the value of any one of the six quantities given b.Y Eqs. (4.15) represents 
the average value of this quantity in the shell element of size h by h 'Which 
is centered about this point" Then the value of the first term on the right-
hand member of Eq. (4.14) for element C. shown in Fig. 9 (a) can be approximated 
by the expression 
which, by making use of ,Eqs. (4.98-) a.nd (4.15a), can be written in the form, 
D 
2. 
where the hollow circles refer to mesh point 15. 
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Extending this reasoning to the rest of the terms appearing in 
* Eq. (4.14), one obtains the following expression for V : 
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(4.16) 
It is tmportant to note that the shell elements considered for the various 
terms of this equation are not the same. The summation for each of the quanti-
ties appearing in this expression must be extended to all the elements into 
which the shell is subdivided when considering the contribution of that 
particular quantity. For elements located near the boundaries the finite 
difference expressions must be modified to incorporate the boundary conditions 
of the problem. However, these special boundary terms are of no concern 
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in the derivation of the difference equations for an interior displacement 
point. 
Carrying out the mUltiplications indicated in Eq. (4.l6) and 
regrouping terms, one obtains 
'" 
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If now this expression is differentiated with respect to the u-displacement 
of a typical interior u-point in the manner described in Article 4.1 and the 
result is equated to zero, one obtains the equation 
(, P 
! --+.--L. t, :,1+-
+ 2~ i I ~ ! 
: r i'- +--,' +-L I 
u- -
which, when divided by -D/2, is exactly Eq. (4oBa). Eqs. (4.8b) and (4.8c) 
can be obtained in a similar manner by minimizing Eq. (4.17) with respect to 
the v-displacement of a typical interior v-point and the w-displacement of a 
t.ypical interior w-point, respective~. 
4.3. Specialized Difference Equations for Boundary Points 
In this section are presented the specialized difference equation 
/ 
patterns required for points close to the longitudinal boundaries of the shell. 
The conditions considered include a simply-supported edge and a free edge. The 
patterns corresponding to other boundary conditions can be derived in a similar 
manner. In the derivation of these patterns it is assumed that two of the 
mesh lines in the x-direction coincide with the longitudinal edges of the shell. 
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4.3.1. Simply Supported Edges. For a simply-supported edge, for 
which u == w = N = M cp cp 0, there are two specialized difference equation 
patterns to be derived: One for v-points one-half mesh from the edge and the 
other for w-points one mesh fram it. The v-point marked "5" and the w-point 
marked "10" in Fig. Il(a) are examples of such points. 
The simplest way of deriving these patterns is to apply Eqs. (4.8b) 
and (4.8c) at points 5 and 10, respectively, and to eliminate from the 
resulting equations the displacement components v5, and wIO ' of the two 
imagioor,y points 5 I and 10' by use of the relations 
and 
which are obtained £'ram the boundary conditions Ncp 
Thus, one obtains 
= ° and M cp = 0, respectively. 
and 
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Alternatively, one can derive these two eq.uations by considel'ing 
the equilibrium in the y- and z-directions, respectively, of the elements 
centered about points 5 and 10, as shown in Fig. ll(a). The resulting 
equilibrium equations are 
- (N )2h + (N ) -,h - (N ) 4h = - Y h2 
<p xcp ) xcP 5 (4.20) 
and 
(4.21) 
where (Q~)8 is given by the expression 
(4.22) 
The latter equation is obtained by considering the equilibrium of moments 
about the x-axis of the square element centered about point 8. Eqs. (4.18) 
and (4.19) are the result of substituting Eq. (4.22) and the appropriate force-
displacement relations given in Eqs. (4.9) into Eqs. (4.20) and (4.21). 
E'-ls. (4.18) and (4.19) can also be obtained by minimizing the 
energy expression (4.17) with respect to v5 and wIO ' respectively. However, 
before carrying out this minimization, it is necessary to determine whether 
any specialized patterns are necessary for any of the tenms in EJ. (4.17) 
corresponding to elements close to the boundaries. 
First of all, it is noted that no modification is necessary for 
the two terms representing N y and M K ,because the elements into which 
x<p xcp xcp xcp 
the shell is subdivided when considering either of these two quantities 
coincide with the meshes. There are, however, portions of the shell at the 
i 0 - 0 edges for which the d fference expressions for the terms N € , N E , M ~ 
x x cp cp x x 
and M \~ are different from those for the ~nterior regions. They are the 
cp cp 
two strips of shell that are one-half mesh wide each and are located at the 
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longi tudir~al edges. The four quantities in these two strips of shell, 
however, are all zero because N , rJ , M , and l,1 all vanish at the simply-
x cp x cp 
supported edges. E,~s. (4.16) or (4.17), therefore, needs no modification 
in the present case. 
It can be easily shown that K-ls. (4.18) and (4.19) are the result 
of minimizing El· (4.17) with respect to v5 and '\{10' respectively. 
4.3.2. Free Edges. The four specialized difference equation 
patterns needed in this case are: 
(} ) for v-points one-half mesh from the edge, 
(2) for vr-points one mesh from the edge, 
(3) for u-points on the edge, and 
U1-) for w-points on the edge. 
These pat~erns can conveniently be derived by considering the equilibrium of 
the appropriate finite shell elements. 
'::ne first two patterns can be obtained from. Eqs. (4.20) and (4.21) 
D1 exactly the same manner as Egs. (4.18) and (4.19), provided the values of 
u a~d w along the longitudir~l edge are considered to be different from zero. 
The resul :i:lg p:3. tterns are 
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(4.23) 
(4.24) 
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To derive the last two eCJ..uations, one considers the equilibrium 
in the x- and z-directions, respectively, of the two elements shown shaded 
in Fig. ll(b). The resulting equations are 
and 
h2 
=-x -4 2 
2 
Z 12-8 2 
Both (Nx)l and (H
x
)2 in Eq. (4.25) are expressed by the pattern 
tx 
_.-i 
~ t 
N' ......, E::t -~ u x h.. J-' 
I 
(4.25) 
(4.26) 
which is obtained from Eq. (4.99.) by incorporating the boundary condition 
Ncp=O. As before, the transverse shearing forces (~)5 ' (Qx)6 ' and (\)7 in 
Eq. (4.26) are expressed in terms of the moments acting on the elements, 
7-8-9-10, 7-8-11-12, and 5-6-13-14, respectively. Finally, these moments 
and the remaining forces in Eqs. (4.25) and (4.26) are replaced by the 
appropriate force-displacement relations gi V~'1 in Eqs. (4.9) to yield the 
following two equations: 
• \ _..u.7. 
-+-------
1-........ 0-:::'+,,-,-+::1. ....... 2 ( ) 
1 U + l--U 
--J__ _ __ 
J 
f:::l. 
-:-:-x D (4.28) 
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-Z D (4.29) 
V. NUMERICAL STUDIES BY USE OF FINITE D:r:t:t.&RENCES 
5 .. 1. General 
In this chapter are presented finite difference solutions for two 
ot the shells analyzed in Chapter III.. Both the conventional and the modified 
techniques are useda and the' results are compared with t~ corresponding 
solutions obtained by use ot the ta.bulated data presented in ASCE Manual No .. ;1. 
The ana.lysis is lim1 ted in each ca.se to the effects produced by the 
first term in a Fourier series expansion of the given loading in the longi-
tudinal direction.. For simplicity, Poisson's ratio is assumed a.s zero.. The 
effect of changing the· fineness of the meshes is studied in each case by 
obtaining solutions corresponding to two mesh sizes, one twice as fine a.s the 
ather .. 
For the loading considered, the distribution cf the displacement 
component u in the long! tudinal direction is known to be represented by a. 
cosine function while those of v and w by a sine function.. Under these circum-
stances, it is only necessary tc determine the values of the displacement 
components along a single transverse section.. Essentially, this is the pro-
cedure followed in Chapters II and III. 
'Wi th the method of finite ditference used in this chapter, one may 
accomplish this 1n e;ay of the following two ways: The first is to reduce the 
governing part1al differential equations to three ordinary dif'terentia.l 
equations I and. approximate these equations by means of one-dimensional tin! te 
differences.. The second possib111 ty is to use directly the two-dimensional 
difference equation patterns presented in the last chapter but express the 
displacement components of the various points involved in terms of the dis ... 
placements ot points along a properly selected transverse section.. In wha.t 
follows, the second> approach is used .. 
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Since the loading considered is symmetrical about the crown, only 
a quarter of the shell need be considered. To simplifY the numerical work, 
the shell is covered with two strips of meshes, one at the end 'and the other 
at midspan in such a manner that a set of u-points lie along the end section 
and a set of v- and w-points lie along the midspan section. Figure 12 shows 
the layout of the meshes for the application of the conven~ional technique, 
and Fig. 13 the corresponding layout for the modified technique. In both 
cases, the pertinent difference operators are applied at the u-points at the 
end, and at the v- and w-points at midspan, and the resulting equations are 
written in terms of the u-, v-, and w-displacements along these two sections. 
The values of X, Y, and Z in these equations are taken e~ual to the intensities 
of the load components at the points of application of the equations. 
5.2. Single-Barrel Shell with Simply Supported Longitudinal Edges 
The shell considered has the dimensions shown in Fig. 2(a) and is 
subjected to its own dead weight. The intensities of the load components at 
an arbitrary point on the shell are obtained from Eqs. (3.1) as 
X = 0 
y 59·84 sine n (5.1a-c) = sin T x 
Z 59.84 cosB . n S1n £ x 
where e denotes the angle measured from the crown to the point under 
consideration. 
5.2.1. Conventional Finite Difference Solutions. The solutions in 
this case are obtained by application of the equations given in Appendix B for 
interior mesh points, and of the following two specialized equations. The 
first equation is for points on the longitudinal edge, and the second for points 
one mesh from it. 
r ~~-.j" ! I ' 
( ! 4-...u.. \:! : 
----.- .. - . -1'- .. --
4 I • 
'.' t I; ~ 
L 1 -f-------i 
\'" 
'I I 
i ' 
, I 
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: I 11 J 
u. + 
\ 
::2. 
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2~"J. 
- ---- Z 
D 
(5.2) 
These two specialized equations are obtained fram E~s.(B.lb) and (H.le) by 
making use of the following expressions: 
(i +1 1 r 1-\ f ] l- -- -. itJ LA = -r---- u L 
r J---~-J r ' I ~ "1 I I V l --t-----t I v L F '} r. j 
r -f- ---~ I I r --p"--i 1 uJ w J L 1"J L. 
where pr~e denotes a displacement at the fictitious point from the edge. 
These relations are obtained from the boundary conditions u = w = N = M = o. 
cp cP 
For the first solution, the shell is divided into four rows of 
meshes from the crown to the edge as shown in Fig. 12. In this case, the 
400 
central angle subtended by a single mesh, CPo' is equal to ~ 10°. The 
unknown displacement components are U
o 
through u3 ' VI through v 4' and W 0 
through w3. The diagrams on the extreme right of Fig. 12 show the values of 
the displacement components needed in the application of the difference 
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e~uation patterns to points located along the two reference sections. These 
displacement components are expressed in terms of the corresponding displace-
ments along the latter sections. 
* Table 16 gives the resulting system of twelve e~uations. The 
computations for the load ter.ms in these equations are presented in Table 15. 
The displacement components obtained fran the solution of these equations are 
given in the second column of Table 18. The corresponding stress resultants, 
evalua ted by means of Eqs. (B. 2), are presented in the second column of T-d ble 19. 
In the third column of Tables 18 and 19 are listed the results 
bta · d ith h dO t value of cp -_ 50. o ~ne w ames correspon lng 0 a 
o 
These results are 
also presented graphically in Figs. 14 and 15 along with the results obtained 
from the ASeE Manual. 
It can be seen from these figures that both solutions are poor. 
Although closer to the exact solution as would be expected, the solution corre-
sponding to cp = 50 is still quite removed from the exact solution. 
o 
5.2.2. Modified Finite Difference Solutions. The shell treated in 
the last article has also been analyzed by means of the modified finite dif-
ference technique, using two mesh sizes which are the same as the two employed 
in the last article. The results are presented in Tables 18 and 19 and also 
graphically in Figs. 14 and 15, .-together with those obtained by use of the 
conventional techni~ue. 
The tmprovement achieved with the modified technique is evident 
from these figures. It is particularly noteworthy that even the solution 
obtained with the coarse mesh (~ = 100 ) is in excellent agreement with the 
exact solution. 
* Although the coefficients and constants of this tab~e have been presented to 
a maximum number of four significant figures, the ~ctual computations have 
been carried out to seven significant figures. 
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The procedure followed in obtaining these two modified finite 
difference solutions is the same as that followed in the last article. The 
governing difference e~uations used in this case are Egs. (4.8), (4.18) and 
(4.19), while the stress resultant-displacement relations employed are 
Eqs. (4.9). Figure 13 shows the layout of the meshes for the first solution 
corresponding to ~ = 100, and Table 17 summarizes the resulting twelve 
a 
e~uations. The load terms in the latter equations are calculated in Table 15. 
5.3 Single-Barrel Shell with Free Longitudinal Edges 
To test further the accuracy obtainable with the modified finite 
difference technique, the shell treated in the preceeding article was also 
analyzed with the longitudinal edges taken to be free. The solution was 
obtained with the same two mesh sizes considered in the preceeding example. 
The loading in this case includes, in addition to the dead weight of the 
Shell, a snow load of 25 IbS/ft2 . These conditions correspond to those con-
sidered in the illustrative example of Article 3.3. According to Eqs. (3.11), 
the three components of the first partial loading have the values given by 
the following expressions: 
x = 0 
y = (59.84 sine + 15.92 sin2e) sin 7 x 
Z = (59.84 cose + 31.84 cos2e) sin I x 
The governing difference equations used for interior displacement 
points are Egs. (4.8) and those used for boundar,y displacement points are 
Egs. (4.23), (4.24)., (4.28) and (4.29). Table 21 presents the coefficients 
and load terms of the fourteen equations obtain for the first solution 
corresponding to cp . = 100. The load terms are calculated in Table 20 on the 
. 0 
basis of Eqs. (5.4). 
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The two solutions obtained are summarized in Tables 22 and 23 and 
also graphically in Figs. 16 and 17. It is seen from the latter figures that 
the agreement between these two solutions and the corresponding solution 
obtained in the Manual is very good, although somewhat inferior to that obtained 
for the s~ply-supported shell analyzed in the preceeding article. This dif-
ference would be expected since the variations of the displacement components 
in the circumferential direction are more rapid when the longitudinal edges 
are free than when they are simply-supported. In Table 23 are also included 
same values extrapolated from the two solutions by means of Richardson's 
L2-extrapolation formula. These are seen to be in, excellent agreement with 
the ASeE Manual's solution. 
The same problem was also analyzed by use of the conventional finite 
difference technique. However, the results are not presented here because 
they bear almost no resemblance to the exact solution. 
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TABLE I 
VALUES OF Aln , Blr AND CIs IN EX:PRESSIONS FOR DISPIACEMENT COMPONENTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Simply Supported; 
Approximating Displacement Functions as Shawn in Fig. 3(a) 
n, r or s 
Aln :SIr CIs 
2a2/Et 2a2jEt 2a2jEt 
> 
1 -56.64 160.21 396.64 
3 14.23 -67·76 -458.38 
5 -0.50 3·73 41.95 
7 0.05 -0·50 -7·91 
9 -0 .. 01 0.11 2.26 
TABLE 2 
VALUES OF A1n, Blr AND CIs IN EXPRESSIONS FOR DISPIACEMENT COMPONENTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Simply Supported; 
Approximating Displacement Functions as Shown in Fig. 3(b) 
Total 
Ntmlber of 
Displacement 
Functions 
9 
12 
15 
n, r 
or 
s 
0 
1 
2 
0 
1 
2 
3 
0 
1 
2 
3 
4 
A1n 
2a2jEt 
-32·77 
1l2.28 
32·77 
-4.85 
64.86 
4.85 
12·58 
7·13 
43.81. 
-9·25 
19.43 
2.12 
B . 1r CIS 
2a2jEt 2a2/Et 
-767.58 -1106.98 . 
.... 990 .. 13 2275 ·91 
g44·75 llo6.98 
-335.62 -481.14 
-522 .. 95 1213.45 
106.86 481.14 
-43.57 295.01 
202.41 291.62 
79.82 -146·33 
-95·75 -432.69 
~109.69 742.13 
15.66 141.07 
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TABLE 3 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Simply Supported 
Approximating Displacement Functions as Shown in Fig. 3(a) 
Total Values of Stress Resultants at Number of 
Displacement 
1) = 1/2 1) = 5/8 11 = 3/4 11 = 7/8 1) = 1 Functions 
Considered (Crown) (Edge) 
(a) Values of (N
x
)l at Midspan, in ~~s 
6 -4,130 -4,566 -4,880 -3,391 0 
9 -4,179 -4,547 -4,845 -3,436 0 
12 -4,174 -4,551 -4,842 -3,438 0 
15 -4,175 -4,550 -4,843 -3,438 0 
ASCE Manual (-4,114) (-4,534) (-4,905) (-3,515) (0 ) 
(b) Values of (Ncp)l at Midspan, in ~~s 
6 -2,181 -2,048 -1,630 -915 0 
9 -2,179 -2,049 -1,631 -913 0 
12 -2,180 -2,048 -1,632 -913 0 
15 -2,179 -2,049 -1,632 -913 0 
ASCE Manus.l (-2,190) (-2,056) (-1,630) ( -9(7) (0) 
(c) Values of (Nx<p)l at End, Ibs in fi 
6 0 -1,176 -2,495 -3,681 -4,174 
9 0 -1,182 -2,490 -3,678 -4,181 
12 0 -1,182 -2,490 -3,677 -4,182 
15 0 -1,182 -2,490 -3,677 -4,182 
ASCE Manual (0) (-1,170 ) (-2,484) (-3,695) (-4,211) 
(d) Values of (Mcp)l at Midspan, in Ib-ft ft 
6 
-307 -100 263 327 0 
9 -221 -133 202 407 0 
12 
-253 -103 179 419 0 
15 -238 -117 190 413 0 
ASCE .Manual (-328?) (-131? ) (189) (403) (0) 
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TABLE 4 
VALUES OF STRESS RESULTANTS AND EDGE REACTIONS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Simply Supported 
Approximating Displacement Functions as Shown in Fig. 3(b) 
Total 
Number of 
Dis pla c emen t 
Functions 
Considered 
9 
12 
15 
ASCE Manual 
9 
12 
15 
ASCE Manual 
9 
12 
15 
ABCE Manual 
9 
9 
12 
15 
ASCE Manual 
9 
12 
15 
ASCE Manual 
11 = 1/2 
(Crown) 
-4,551 
-4,148 
-4,178 
(-4,114) 
-2,170 
-2,182 
-2,181 
(-2,190) 
o 
° o 
(0) 
-177 
-278 
-233 
Values of Stress Resultants at 
11 = 5/8 r} = 3/4 11 = 7/8 
Ib (a) Values of (N
x
)l at Midspan, in ft S 
-4,653 
-4,562 
-4,549 
(-4,534) 
(b) Values of 
-2,045 
-2,049 
-2,049 
(-2,056) 
(c) 
-915 
-1,199 
-1,183 
(-1,170) 
(d) Values of 
-85 
-104 
-121 
-4,540 -3)250 
-4,862 -3,411 
-4,843 -3,438 
(-4,905) (-3,515) 
(Ncp)l at Midspan, in ~~s 
-1,644 -923 
-1,630 -915 
-1,631 -914 
(-1,630) (-907) 
-2,521 -4,082 
-2,470 -3,693 
-2,489 -3,681 
(-2,484) (-3,695) 
(Mcp)l at Midspan, 
133 
. Ib-ft 
211 ft 
330' 
352 
403 
225 
195 
(-328 '1) (-131 7) (189) (403) 
n = 1 
(Edge) 
o 
o 
o 
(0) 
117 
6 
o 
(0 ) 
-3,006 
-4,087 
-4,190 
(-4,211) 
365 
159 
43 
(0) 
(Sl) at ~=1,1l=1 
max 
1 (R1) at ~= -2,11=1 max 
-4,134 
-4,178 
-4,181 
(-4,211) 
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TABLE 5 
VALUES OF Aln, Blr AND Cls IN EXPRESSIONS FOR DISPIACn.fENT COMPONENTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approximating Displacement Functionsas Shown in Fig. 3(a) 
Total Aln B1r Cls Number of n,r 
Displacement or 2a2/Et 2a2/Et 28,2/Et Functions s 
6 0 -288.25 1440.14 2094.10 
1 452·78 399·02 -882.41 
9 0 -496.76 6524.59 9389·02 
1 722·90 4126.91 -9281.87 
2 172·20 -134.39 885.25 
12 0 -642.31 10885·61 15626.14 
1 912.28 7384.90 -16597·05 
2 257.16 -117·50 777·30 
3 54.68 -8.28 81.24 
15 0 -716.37 13118.85 18814.61 
1 1008 .. 65 9054.16 -20338.04 
2 300·57 -108.45 721.61 
3 65·11 -8.21 82·78 
4 23·89 -1.26 13·91 
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TABLE 6 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approximating Displacement Functionsas Shown in Fig. 3(a) 
Total Values of Stress Resultants at Number of 
Displacement 
T) = 1/2 T) = 5/8 11 = 3/4 T) = 7/8 11 = 1 Functions 
Considered (Crown) (Edge) 
(a) Values of (Nx)1 at Midspan, in ~~s 
6 -16,024 -12,667 -3,108 11,198 28,072 
9 -5,253 -10,247 -13,262 5,943 48,379 
12 
-6,573 -7,907 -14,214 495 62,554 
15 -3,208 -9,508 -14,263 -1,617 69,767 
ASCE Manual (-1,910) (-8,034) (-16,987) (-2,032) (77,000) 
(b) Values of ( ) 1bs N~ 1 at Midspan, in rr-
6 -2,891 -2,819 -2,612 -2,302 -1,937 
9 -4,265 -3,410 -1,883 -1,515 -2,681 
12 -3,504 -3,833 -2,748 -945 -2,,086 
15 -3,956 -3,514 -3,146 -960 -1,441 
ASCE Manual (-3,829) (-3,746) (-3,091) (-1,376) (0) 
(c) Values of (Nxcp)1 At End, 1bs in ft 
6 
° 
1,989 1,007 -5,467 -19,116 
9 
° 
-10,474 -1,955 5,247 -36,842 
12 
° 
2,265 -12,966 4,726 -40,078 
15 0 -1,118 -6,215 -3,994 -36,054 
AseE Manual (0 ) (-1,112 ) (-4,716 ) (-8,283 ) (0 ) 
(d) Values of (M~)l at Midspan, 1b-ft ft 
6 
-73 -67 -51 -28 0 
9 -1,421 -958 -77 314 0 
12 
-1,777 -1,548 -678. 164 0 
15 -2,097 -1,766 -967 32 0 
ASeE Manual (-2,297) ( -2,077) (-1,216) (-155) (0) 
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TABLE 7 
VALUES OF Aln, Blr AND Cla IN EXPRESSIONS FOR DISPIACEMENT C(l.1p()NENTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approxtmating Displacement Functions as Shown in Fig. 3(b) 
Total 
Number of 
Displacement 
Functions 
6 
9 
12 
15 
n,r 
or 
s 
0 
1 
0 
1 
2 
0 
1 
2 
3 
0 
1 
2 
3 
4 
~n 
2a,2/Et 
-288.25 
452·78 
-1646.76 
2586.72 
927·23 
-2406.63 
,847·67 
1613.42 
-202.05 
-2770·29 
4480 .. 28 
2022.48 
-386.18 
-48.18 
B1r C1s 
2a,2jEt 2a,2/Et 
1440.14 2094.10 
399 .. 02 -882.41 
11304.61 -16277 -% 
7102.86 -16051.33 
559·77 2460.91 
14652.42 21232 .. 31 
9935.16 -22532.03 
254.28 1004.50 
-40.88 322 .. 03 
15863 .. 82 22942.56 
11260·37 -25648.03 
-168.84 -994.03 
-176-;51 1286.54 
31 .. 15 296.29 
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TABLE 8 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approximating Displacement Functionsas Shown in Fig. 3(b) 
Total Values of Stress Resultants at Number of 
Displacement 11 = 1/2 f) := 5/8 11 = 3/4 11 := 7/8 Tj = 1 Functions 
Considered (Crown) (Edge) 
(a) Values of (Nx)l at Midspan, in ~~s 
6 -16,024 -12,667 -3,108 11,198 28,072 
9 -1,240 -8,513 -17,757 118 70,074 
12 -2,889 -8,240 -16,675 -1,949 77,249 
15 -2,485 -8,437 -16,835 -1,711 77,521 
ASCE Manual (-1,910) ( -8,034) (-16,987) (-2,032) (77,000) 
(b) Values of ( ) 1bs N~ 1 at Midspan, in rr-
6 -2,891 -2,819 -2,612 -2,302 -1,937 
9 -4,556 -3,831 -2,224 -1,084 -1,688 
12 -3,722 "3,787 -3,163 -1,234 -280 
15 -3,857 -3,728 -3,092 -1,371 -65 
ASCE Manual (-3,829) (-3,746) ("3,091) (-1,376) (0) 
(c) Values of (N )1 at End, i Ibs 
xcp . rYfi 
6 0 1,989 1,007 -5,467 -19,1l6 
9 0 -8,403 -5,181 1,189 -24,179 
12 
° 
-29 -6,275 -7,549 -5,600 
15 0 -1,375 .. 4,690 . -8,636 -1,067 
AseE Manual (0) (-1,112) (-4,716) ( .. 8,283) (0) 
(d) Values of (M~)l at Midspan, 1 Ib-ft n-ft 
6 
-73 -67 -51 -28 0 
9 -2,134 -1,795 -935 67 811 
l2 -2,426 -2,041 -1,144 -256 331 
15 -2,350 -2,086 -1,210 -159 - 63 
ASCE Manual (-2,297) (-2,077) (-1,216) (-155) (0) 
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TABLE 9 
VALUES OF A1n , B1r AND CIs IN EXPRESSIONS FOR DISPLACEMENT COMPONENTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approximating Displacement Functionsas Shown in Fig. 3(c) 
Total A1n E1r CIs Number of nJr 
Displacement or 2a2/Et 2a2/Et 2a2/Et Functions s 
6 / 0 0 1774.43 1309·91 
1 
-131·73 0.69 -9·23 
9 0 0 2572.42 2549·46 
1 
-143·33 -242.25 1534.19 
2 -61.36 9·73 -557·44 
11 0 0 3134.16 3501.65 
1 -150.82 -405·07 2774·93 
2 -81.12 -19.41 -620.55 
3 -24.12 -161.64 
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TABLE 10 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a); with Longitudinal Edges Free; 
Approximating Displacement Functionsas Shown in Fig. 3(c) 
Total 
Number of 
Displacement 
Functions 
Considered 
6 
9 
11 
ASCE Manual 
6 
9 
11 
ASCE Manual 
6 
9 
11 
ASCE Manual 
6 
9 
11 
ASeE Manual 
1) = 1/2 
(Crown) 
-15,596 
-8,468 
-3,298 
(-1,910) 
-2,786 
-3,884 
-5,247 
(-3,829) 
o 
o 
o 
(0) 
3 
-1,246 
-1,134 
(-2,297) 
Values of Stress Resultants at 
1) = 5/8 
(a) Values of 
-12,098 
-11,417 
-9,716 
( -8,034) 
(b) Values of 
-2,787 
(c) 
-3,585 
-2,221 
(-3,746) 
Values of 
1,577 
-8,642 
-181 
(-1,112) 
( c) Values of 
3 
-541 
-1,190 
( -2,077) 
1) = 3/4 Tj = 7/8 
(Nx)l at Midspan, in ~~s 
-2,533 10,872 
-10,131 8,675 
-11,365 5,331 
(-16,987) (-2,032) 
(Ncp)l at Midspan, in ~~s 
-2,700 -2,362 
-2,276 261 
-4,869 3,743 
(-3,091) (-1,376) 
(Nxcp)l at End, in ~~s 
102 -6,040 
-1,253 1,410 
-10,967 3,761 
(-4,716) (-8,283) 
. 1b-ft 
l;rJ. ft (Mcp) 1 at Midspan, 
2 1 
502 
1,102 
(-155) 
520 
197 (-1,216) 
1) = 1 
(Edge) 
25,658 
39,870 
49,875 
(77,000) 
-1,760 
-8,094 
-17,941 
(0) 
-15,952 
-25,738 
-28,415 
(0) 
° o 
o 
(0) 
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':CABLE 11 
VALUES OF Aln, B1r, AND CIs IN EXPRESSIONS FOR DISPIACEMENT COMPONENTS 
Interior Barell of MUltiple Barell Shell; as Shown in Fig. 2(a) 
Approx~ting Displacement Functions as Shown in Fig. 3(b) 
A1n Blr CIs 
n, r or s 
2a2jEt 2a2jEt 2a2 lEt 
/ 0 -584.86 2169.60 10122.68 
1 917·45 1011.04 -14592.71 
2 171·70 -339·92 -9903·18 
3 :;.74 y191.57 5455.68 
4 1389.53 
5 -234.85 
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r.I!ABLE 12 
VAIlJES OF STRESS RESULTANTS 
Interior Barell of Multiple Barell Shell; as Shown in Fig. 2(a) 
Approximating Displacement Functions as Shown in Fig. 3(b) 
11 = 1/2 
(Crown) 
-15,305 
(-15,150)* 
-3,889 
( -3,798) 
° (0)
-636 
(-551) 
Values of Stress Resultants at 
11 = 5/8 11 = 3/4 11 = 7./8 
(a) Values of (N
x
)l at Midspan, in ;~6 
-13,627 -6,478 10,606 
(-13,640) (-6,590) (10,630) 
( ( ) Ibs ~ b) Values of Ncp 1 at Midspan, in ft 
-3,264 -1,540 -551 
(-3,268) (-1,811) (-30) 
(c) Values of (Nxcp)1 at End, in ~~s 
-3,829 -7,224 -6,542 ( ... 4,037) (-6,986) (-6,708) -
) . Ib-ft (d) Values of (Mcp 1 at Midspan, ~n f~~ 
-166 521 523 . .1 
(-245) (500) (533) 
11 = 1 
(Edge) 
40,237 (40,410) 
-1,920 (745)** 
(743} 
-970 
(0) 
-1,432 (-1459)** (-1,488) 
() Ibs 1b-ft (e) Values of (11)1 and 1\ l' in fi and ft ,respect1ve~ 
'* ASeE Manual. 
** Obtained from (!l:r)1 and (~)l' respectively. 
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TABLE 13 
VALUES OF Aln, B1r, AND CIs IN EXPRESSIONS FOR DISPIACEMENT COMPONE.l1lJTS 
Shell with Edge Beams as Shown in Fig. 2(b) 
Approximating Displacement Functions as Shown in Fig. 3(b) 
A1n B1r CIa 
n, r or s 
2a2 lEt 2a2jEt 2a2jEt 
0 -328.42 2482.17 4750.44 
1 1101.48 -1263.99 3832.42 
2 122.49 43·94 256.73 
3 -l2.11 -23,.20 210.25 
I 
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TABLE 14 
VALUES OF STRESS RESULTANTS 
Shell with Edge Beams as Shown in Fig. 2(b) 
Approximating Displacement Functions as Shown in Fig. 3(b) 
1) = 1/2 
(Crown) 
-41,671 
(-42,500)* 
-3,716 
(-3,750) 
o 
(0) 
152 
(140) 
'* ASCE -Manual. 
Values of Stress Resultants at 
1) = 5/6 
(a) Values of (Nx)l at Midspan, in ;~s 
-35,481 -17,069 (-36,050) (-16,780) 
1bs: (b) Values of (Ncp)l at Midspan, in fi 
-3,222 -1,810 
(-3,250) (-1,860) 
(c) Values of (Nxtp)l at End, in ~~s 
-6,471 -11,080 
(-6,630) (-11,130) 
. 1b-ft (d) Values of (Mcp)l at Midspan, l.n ft 
'J:-
468 720 
(390) (130) 
1) = 1 
(Edge) 
12,950 
(13,960) 
-195 (-190) 
-12,008 
(-11,530) 
111 
(0) 
e 
Degrees 
0 
5 
10 
15 
20 
25 
30 
35 
40 
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TABLE 15 
COI1:P{J~TION OF LOAD TEEMS FOR FINITE DIFFEREECE 30LUTIOI:S 
o Sh211 with Longitudinal Edges Simply Supportedj ~ = 10 
o 
SLle cose Conventional j(odified 
" 
'? 2hCY (lbs) :) 2h~ (lbs) 2h'-Z (Ibs) 2h<-Z (Ibs) 
0 1 3,504 3,504 
0.0872 0.9962 305 
0.1736 0·9848 608 3,450 3,450 
0.2588 0·9659 907 
0·3420 0·9397 1,198 3,292 3,292 
0.4226 0.9063 1,481 
0.5 0.8660 1,752 3,034 3,034 
0.5736 0.8192 2,010 
0.6428 0.7660 2,252\ I (2,684) 1 I26F "2 , 
£,s.Op. 
plied a-t 
U o 
\/Vo 
u, 
V, 
vv, 
'l' 
TABLE 16 
SYSTEM OF EQUATIONS RESULTING FROM APPLICATION OF CONVENTIONAL FINITE DIFFERENCE TECHNIQUE 
U o VVo u, 
-1. 0 75 I +/ 
........ 
I'--
-o.o3~. 
Shell with Longitudinal Edges Simply Supported; ~ = 10° 
° 
VI VV, (...12 \/2 \1\1 2 U,3 
-0.135 
I 
+ o. (75 I + o. 002 
-000/ ~ 
--_.- -
-0. f35 + 1 ~2.(4<j 
........ 
+1 
-0,' 35 + 0, (75 r::;: , 0 7 5 ._ + 0, 135 +2 - o. (75 . 
+ 0.002 +-0.(75 -+ 0.002 
V,3 VV..3 
-----t 0,00/ 
U 2 
-~~0'OG5 I 
-----+--- -:"l~'2 f 4 'l...J I 
+0,135 
.-+-
+ I +( - o. (35 
V2 
~ , 
1-
0
':5 +2. ' . .-:..~:-,-~S_I. -4~~_ I~~ +2 I - o. (75 
III 
V4 I Loac( E~ 
0 
-/752 
0 I 8 ~ 
8 
-~o8 
- 34-50 
0 
- { ( 9 B\ 
V..; 
-o.{35 +2 ~to (75 -4,075 +2 1-/752 
--- --,.------ -- -------- ---~-
__ -+-___ -t _______ +-________ + _____ +-_____ l---=_~,(7~ .~_~~02__ ______ -o.0~4 +0./75 1-.3 0 34 
t------+ ----_l__ .-4--
VY3 
V4 I - O. f 35 + 2 + Q. (7 5 - "2. 0 3 ~I - ( 1 2 <b 
¥E Load 1e...rf'YlS CU"e on ../he ri3h+ s,-de. o.{' e9ucd-;ons. 
C<jS. ap-
f:> ','e.d Q-I 
VVo 
U o 
1-------
V, 
I--'~-
vY, 
_. 
U , 
-----_.-
V 2 
VVz 
U 2 
;-----.----
V3 
1----' 
W3 
r--------
U 3 
1--------
V4 
TARLE 11 
SYSTEM OF EQUATIONS RESm~TING FROM APPLICATION OF MODIFIED FINITE DIFFERENCE TECHNIl~UE 
Shell vTith Longitudinal Edges Simply Supported; q:> 10° 
o 
t! 
\/Yo U'" V, \/V, U , v 2 u 3 
I VV z u 2 v3 vv.3 .V4 Load) Et 
""-... ....... / 
-0.032 + 0.349 + o. 002~ - o.oo( -'75~ 
. ......... I r--i'--- t-- f. 075 - D. 273 + ( 0 f--.---- f--. ........ r---........ - I + 0. 349 - Q. 273 - <D. 075 -0.34]' -I- 0.273 +2 \ -3 0 5 
...... 
t---...... 
+ O. o(J 2 1- 0.34'7 - o. 0105 + 0. 34 1 + 0.002 - 0.00 I - 34-5 0 . 
--r------1 . ........ ----- 1--. 
............... 
-+( !+D.273 
-2.'4-, -0. 2 7.3; + I 0 
1-------
------·-t----------- ., ~ --i-------r-- -- f---
! +2 :_03~ 1-0273 -4-.074- -o.34'j +0.273 +2 - 9 0 7 
------- f---.---~r=:::_----I---.----f-.----+-------1------.-1---
I + 0.347 ! --I- 0.002 - o.a~/ + o,-,o02~ " . -0.34, . -0.0 ~4- 1-____ -+ -3 2 '/2 
------:-~:j~ , -----r----+------·-I +' f"-...... . -'2.(41 -0.273 + f '" i 0 i 
---_ .. --1. . t----.--~-1------- -- f..-----.-.-- ... '-'---
---l----- '...... . 
I 
r ~.  ------- I 
+2 +0.341 ' -. o. "2 7 3 - 4-. 074 - o. 34- 't 
+0 273t-+ 2 -l~~ 
... ---.-----f-------- ----
--f--· - .. ~~ 
- 0.00 l 1"'" o. 002 -0.341 -0. 0 (04 .fo.~j41 -3 0 34-
1----------- f---------- -.-.---.. - 1---------. --.--- 1-------- -_._ ... ---.. -----1----- ... ----- f----------.- - - .... ----.~ ~~~-1~-1-- --~~~~>- 0 ! + I + 0.273 
------1---- --I----.----f-------- f---------- .--.-----f--------.--.. --------1----------I--.-.--.. -~::~-
+2 + D.34~ - 0.27.3 - 2. 0 75 
-......... 
-Zofr) 
* Load -fe.rms are on -Ihe.. r'9 hf side 0+ €tjuaf,-ans. 
I 
\0 
\0 
a 
Angle from 
Crown, 
Degrees 
° 5 
10 
15 
20 
25 
30 
35 
40 
o 
5 
10 
15 
20 
25 
30 
35 
40 
o 
5 
10 
15 
20 
25 
30 
35 
40 
I 
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TABLE 18 
VALUES OF DISPIACEMENT COMPONENTS 
Shell as Shown in Fig. 2(a) 
Longitudinal Edges Simply Supported 
Conventional Modified 
= 10° 0 = 10° 0 CPo cP = 5 CPo cP = 5 0 0 
(a) Values of u at End, in 10
6 Ibs 
Et 
-0.07416 -0.09331 -0.07756 -0.08112 
-0.09218 -0.08341 
-0.06911 -0.08865 -0.08688 -0.08906 
-0.08237 -0.09478 
... 0.05410 -0.0728:; -0.09702 -0.09600 
-0005962 ~ -0,,08829 
-O~O3001 -0.04262 -c1_071Rh _()_()hRR7 
---,--- ------, 
-0.02231 -0.03806 
0 0 0 0 
(b) Values of v at Midspan, in 10
6 Ibs 
Et 
0 0 
-0.0056 0.0422 -0.0129 
0.0782 0.0857 ... 0,,0073 
0.1313 0.0316 0 .. 0167 
0.1499 0.1785 0.0754 
0.2250 00al:;8 0.1669 
0.2050 0.2667 ",- 0.2766 
0.2969 0.4239 0.3786 
0.2267 0.3082 0.4420 
(c) Values of w at Midspan, in 10
6 Ibs 
Et 
0.505'5 0.5419 -0.0815 -0.0609 
0.5493 0.0463 
0.4861 0.5681 0.3174 003383 
0.5878 0·7313 
0.4172 0·5915 1.0946 1.0990 
0.2683 
0.5567 1.2970 
0.4577 1.2326 1.1977 
0.2721 0·7412 
0 0 0 0 
--
Angle from 
Crown. 
Degrees 
o 
5 
10 
15 
20 
25 
30 
35 
40 
o 
5 
10 
15 
20 
25 
30 
35 
40 
o 
5 
10 
15 
20 
25 
30 
35 
40 
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TABLE 19 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a) 
Longitudinal Edges Stmply Supported 
Conventional Modified 
o 0 
cp = 10 cp = 5 
o 0 
cp = 100 
o 
(a) Values of N
x 
at Midspan, in ~~s 
-3711 -4713 -3918 
-4656 
-3458 -4478 -4388 
-4160 
-2707 -3679 -4901 
-3012 
-1502 -2153 -3630 
-1127 
o o o 
(b) Values of Ncp at Midspan, in ~~s 
-1859 -1890 
-1882 
-1829 -1857 
-1814 
-1741 -1751 
-1654 
-1554 -1485 
-1097 
o o 
(c) Values of N~ at End, 
o 0 
-635 
-1029 -1257 
-1853 
-1944 -2405 
-2892 
-2628 -3287 
-3560 
-2900 -3661 
-2019 
-1629 
-926 
o 
i 1bs nn 
-535 
-1735 
-3074 
-4066 
cp = 5 o 
-4107 
":4223 
-4509 
-4799 
-4860 
-4470 
-3487 
-1927 
o 
-2170 
-2138 
-2042 
-1875 
-1630 
-1309 
-916 
-470 
o 
-281 
-860 
-1477 
-2135 
-2800 
-3413 
-3890 
-4154 
o 
ASCE 
Manual 
-4114 
-4534 
-4905 
-3515 
o 
-2190 
-2056 
-1630 
-907 
o 
o 
~1170 
-2484 
-4211 
Angle from 
Crown 
Degrees 
, 
o 
5 
10 
15 
20 
25 
30 
35 
40 
0 
5 
10 
15 
20 
25 
30 
35 
40 
0 
5 
10 
15 
20 
25 
30 
35 
40 
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TABLE 19 (CONT' D.) 
VALUES OF STRESS RESULTANTS 
Shell as Shown in Fig. 2(a) 
Longitudinal Edges S~~ Supported 
Conventional , Modi:f").ed 
o 0 ~ = 10 ~ = 5 
o 0 
o 0 ~ = 10 ~ = 5 o 0 
1 Ib-ft (d) Values of MX(j) at End, n ft 
,0 
-3·3 
-8.2 
-15-7 
-20.2 
o 
2.0 
2·9 
1.8 
-2.4 
-10.2 
~~ /' 
-c.L.o 
-34.8 
-41·3 
-93·7 
16·3 
44.5 
59·9 
56.0 
30·2 
-1'1 .. l 
-6905 
-1~49 
( ) lb-ft ' e Values of ~ at Midspan, in ft 
11 -16 -222 -238 
-13 -205 
14 -1 -105 -112 
18 28 
22 43 178 189 
71 ··331 
33 96 381 397 
96 317 
0 0 0 0 
(f) Values of M at Midspan, in Ib-ft 
x ft 
10.5 11·3 -1·7 -1·3 
11·5 1.0 
10.1 11·9 6.6 7·.'1 
12·3 15·3: 
8.7 12·3 22·7 22.~ 
11.6 27·1 
5·6 9·5 25.6 25.0 
5·7 15.5 
0 0 \' 0 0 
ASCE 
Manual 
Not 
avail-
able 
-329(1 ) 
-131(7) 
189 
403 
0 
Not 
avail-
able 
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TABLE 20 
COMRTTATION OF LOAD TERMS FOR MODIFIED FINITE DIFFERENCE SOLUTION 
Shell with Longitudinal Edges Free; 
Load Components given by .Eqs. (5.4); ~ = 10° 
0 
e sine cose Live Load Only Live Load + Dead Load (Table 15) 
Degrees 2h2y (lbs) 2h2Z (lbs) 2h2y (~bs) 2h2Z (lbs) 
0 0 1 1,864 5,367 
5 0.0872 0·9962 162 467 
10 0.1736 0.984-8 1,807 5,258 
15 0.2588 0·9659 466 1,373 
20 0.3420 0·9397 1,646 4,938 
25 0.4226 0.9063 714 2,194 
30 0·5 0.8660 1,398 4,432 
35 0.5736 0.8192 876 2,885 
40 0.6428 0.7660 1,094 3,778 \". !.. 1, 889" ~ 
£'3s.0t~­
ell·e.el Qf 
vv. I 
U o I 
V(~ 
\IV 
I 
-~~ 
-~::~j 
i --~:~-l 
~ 
I 
VV3 
U 3 
V 4 
\/'Va 
TABLE 21 
SYSTEM OF EQUATIONS RESULTILJG F'ROH APPLICATION OF MODIFIED FINITE DIFFEREl'fCE TECHNIQUE 
Shell with Longitudinal Edges Free; cp = 100 
o 
'/4 VV4 U 4 
'" I 
Load, £t 
L- __ /____ I - 2 Co 54 
~-=--··i---.. ---+-=-~ 
---~f -
---.-.~-
5258 
o 
~.--.--.----
~~( --.-- ....... ---
- -.~---
4938 
-1373 
Some as TQble 17 
L------. ~O~I- .------.-IH •. :,~. .. '*" [2~14 b4432 -·----·t' . ---------- -+{ 0 --.-.---- --·-··-t·-------- ---.-.. ---- ---I I 
, ,i~'J1~ 
-1-0.273 1-2885 
-(B8~ \N4 -·-·----r--·--+T-----r-=-:o:~---· ~o.o4 -T----T~~OOlt j ~ ~-::-·i--·---·~--··-l---·4J--_=_t--~r I ·-t--·~;--t·:~~-~---~~ o 
* Load .ferrns ore on +he rl·:Jhf side 0+ e..jua+ions. 
• f-I 
o 
.$:'" 
• 
TABLE 22 
VALUES OF DISPLACEMENT COMPONENTS OBTAINED BY MODIFIED TECHNIQUE 
Shell as Shown in Fig. 2(a); Longitudina1tdges Free 
u at End, in 10
6 1bs 
v at Midspan, in 10
6 1bs t M·d . J06 Ibs 
Et Et \ W a l span, In Et 
e 
Degrees :::: 100 0 ::: 100 a = 100 u CPa cP = 5 CPa cP :::: 5 CPo cP = 5 a 0 a 
0 -0.0097 -0.0384 -4.342 -l-J··906 
2·5 -0.2191 
5 -0.0692 -0.3882 -3·920 
7·5 -0·5712 I 
10 -0.1165 ... 0 .. 1507 -1.033 -1.016 j-J 0 
12·5 -0.6697 \Jl I 
15 -0.2514 -0.5873 3·634 
17·5° -0.3620 
20 ... 0.2951 -0·3194 8·382 9·743 
22 .. 5 0.4799 
25 -0.2841 0.8587 16·910 
27·5 1·9490 
30 -0.1226 -0.0582 21.994 24.671 
32·5 4.0979 
35 0.4599 4.6877 32·594 
37·5 6.9409 
40 1.0780 1·3846 36.701 40.428 
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TABLE 23 
v AtUES OF STRESS RESULTANTS OBTAINED BY MODIFIE~ TECHNIQUE 
Shell as Shown in Fig. 2(a); Longitudinal Edges Free 
8 
= 100 a Extrapolated ASeE Degrees .qJ cp = 5 Values * Manual 0 0 
(a) Values of N at Midspan, 1bs in ft x 
° 
-488 -1,946 -2,432 -1,910 
5 -3,502 
10 
-5,883 -7,631 -8,214 -8,034 
15 -12,730 
20 ':"14,906 -16,172 -16,594 -16,987 
25 -14,383 
30 -6,193 -2,945 -1,863 -. -2,032 
35 23,285 f:: 
40 54,453 70,104 75,321 77,000 
(b) Values of N at Midspan, Ibs in fi qJ 
0 -3,441 -3,718 -3,810 -3,829 
5 -3,710 
10 -3,466 -3,658 -3,722 -3,746 
15 -3,485 
20 -3,135 -3,093 -3,079 -3,091 
25 -2,415 
30 -1,768 -1,487 -l,394 t . -1,376 
35 -518 .... ~ . 
40 0 0 0 0 
(c) Values of N at End, i Ibs 
xcp n ft 
0 0 
2·5 -133 
5 -67 
7·5 -613 
10 -1,112 
12·5 -1,658 
15 ... 1,675 
17·5 -3,402 
20 -4,716 
22.5 -5,617 
25 -5,748 
27·5 -7,587 
-30 -8,283 
32.5 -7,991 
35 -7,441 
37·5 -4,801 
40 0 
* Using Richardson's L2-Extrapolation For.mula. 
e 
Degrees 
0 
2·5 
5 
7·5 
10 
12·5 
15 
17·5 
20 
22·5 
25 
27·5 
30 
32·5 
35 
37·5 
40 
0 
5 
10 
15 
20 
25 
30 
35 
40 
0 
5 
10 
15 
20 
25 
30 
35 
40 
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TABLE 23 (CONT'D) 
VALUES OF STRESS RESULTANTS OB1!A.INED BY MODIFIED TECHNIQUE 
Shell as Shown in Fig. 2(a); Longitudinal Edges Free 
= 100 0 Extrapolated ASCE CPo cP = 5 Values Manual 0 
(d) Values of M at End, in Ib-ft 
xcp ft 
150 
251 
442 
709 
715 
931 Not 
available 
1,092 
1,034 
1,182 
1,207 
1,117 
1,193 
(e) Values of M at Midspan, in 1b-ft 
cp ft 
-1,840 -2,193 -2,311 -2,297 
-2,132 
-1,697 -1,943 -2,025 -2,077 
-1,622 
-1,167 -1,177 -1,180 -1,216 
-660 
-304 -180 -139 -155 
99 
0 0 0 0 
(r) Values of M at Midspan, in Ib-ft 
x . ft 
-90 -102 -106 
-82 
-21 -21 -21 
76 Not 
174 203 213 available 
353 
457 515 535 
680 
762 843 870 
* Using Richardson's L2-Extrapolation Formula. 
... 108 ... 
S;rn(;}/::J ~ 
.s (.) (~;:> 0 r fed 
(0) 
o 
FIG. 1 CHARACTERISTICS OF SHELL ROOF INVESTIGATED 
.~. 
(c) 
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(0) 
I 
" IIY" 
~~y 
/;/ 
FIG. 2 DIMENSIONS OF SHELLS CONSIDERED IN ILLUSTRATIVE EXAMPLES 
~.- t 
I 
I 
U
o 
C ___ . _____ .. __ =::1 
U I --=====. :::-=----. 
~-----~---~ 
u, ~=t ==-c::::::] 
U.3 t:,.=+~ 
Us p'CJ=+=co,'\J 
-llO-
V ' -===-::::::1 o c:::====== I 
V, c-:-=-:----,.I 
. --------.J 
I 
V C:>. !~ 
.3 C;:::::::7, o:::::::::J 
V s b=~«::7"---"'''"l 
V D ~ C\ 7 C7 V "CJ 
( Cl) 5 i r">e F unc. f'01/5 
Vo ~ \===:::::::::::J 
I 
V, C=:~~_---..J 
V2~ 
I 
r-......... I~ V3~i """""l 
V¢c:--,~= 
VVoc==-·-~--+I------~ 
I 
, 
\AI ~l:r' C» 7 C7 
I 
VV 0 C.. . ... -.-.. -.. f=+-----. 
I 
vvz~~ 
I 
""3 ~-~c:=-::::,. 
I 
~4L~ 
( c:..) r'J a.(-u.,....a f IVl ode.s 0+ 'Ii brof/o n -ror C\ Free - Free GearY) 
FIG. 3 DISPLAC~~T FUNCTIONS CONSIDERED IN APPLICATION OF RITZ METHOD 
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I 
~~ I 0 l ---- Sine-Cosine Func+;ons '- "+-::t. 
""l 
...-... 
l( 
l 
'-
I 
I 
20 t-
I 
! 
3 0 ~ 
I 
40 1 
50 r-
! 
"0-
Of J= I 
---------- Nofc._If"'o/ rv10des 
( Ed5e) I j, 
9 (2 
To+ol No. o~ Disploc.emenf Functt'ons Used 
FIG .. )~- C:)FV'ERGENCE OF STlZESS RESULTANTS \s A FlJHCTI:~IjT JF WJHBER OF 
DIJPL.-\CE:',1ENT FUNCTIONS USED--Shell :13 f3hrY,n in Fi~_~. 2(:.!.) 
-,;i 7,b, LonGi 't uciinal Edge s Free 
I 
------1 
I 
! 
15 
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-G ~--------------------------------------------------------------~ 
-4 
- 2 --
o 
-4 
o 
-8 
-G 
-4 
-2 
o 
at '"9 = Y2 
(c.rovvn) 
-------------.--------------.---------------------1 
",,;-
, 
.. ~_-4_._. __ ._ .. __ .~~._ .. ___ ~_ .. ______ ... ___ . ," 
~ASC.€ Manual , " " , , 
i,-:;7 ~ ..._---l, _______ --- ____ ---
=..;, - Q:S::- - - - - . , , ------- "..". ..,..,. ...--
-
, ~-:"::'-::.::.I:""--- _-
--r------ .--.. ----:- ~--';';;';"1""'" .-------- - ----------- --- -------.---
I , 
I 
I 
I 
, , 
I, 
iI , 
- -------,----- --
, 
, 
, 
, 
, 
, 
. 
. , 
, 
-. -- - - ---.--.-~-------+, -------- ---------'---.-: -------._-----
I , 
I 
I , 
I 
, 
- -----r ----
, 
I , 
, 
I 
I , 
, 
, 
- - - - Sine F" urycf;ons 
-- -- Sine - Cosine F uncf/ofiS /-
--------- Nafuroi Modes 
" ----'-----: I __ , - __ irk ...... ------~------ --------~-;;;.;.-_.:.:--------l 
~ ---~ 
~ 
~--
12 15 
Tofal No. of Displacemenf Funcfions Usee! 
FIG .. 4 (CONT 'D) CONVERGENCE OF STRESS RESULTANTS AS A FUUCTION OF NUMBER 
OF DISPLAcm~ FUNCTIONS USED--Shell ~s Shown in Fig. 2(a) 
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APPENDIX A 
EQUATIONS FOR DETERMINATION OF DISPLACEMENT 
COEFFICIENTS, A ,B ,AND C 
mn mr ms 
A.l. Equations Consistent with Accuracy of F1ugge's Equations 
If the derivation of Egs. (2.27) is started from the potential 
energy expression given in Eq. (2.12) rather than from that given in Eq. (2.13), 
the following equations are obtained: 
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APPENDIX B 
CONVENTIONAL FDTITE DIFFERENCE EXPRESSIOi'JS 
B.l. Governing Difference Equations and Force-Displacement Relations 
If Donnell's e~uations are represented by E~s. (4.7) are transformed 
into difference e~uations by use of the conventional set of central differences 
given in Eqs. (4.1), the following are obtained: 
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Force-displacement relations obtained from the use of the same set of central 
differences in Eqs. (4.9) are as follows: 
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